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Abstract
While the processor and memory performance of

computers continues to improve, I/O performance has
remained relatively constant. Strategies to achieve
better I/O performance than current disk systems
have been investigated to address the growing I/O bot-
tleneck. One e�ort is the RAID (Redundant Arrays
of Inexpensive Disks) Level 5 disk array. RAID 5 of-
fers increased parallelism of I/O requests through the
disk array architecture and fault tolerance through ro-
tated parity. Although RAID 5 o�ers the promise of
improved I/O performance, such gains must be quan-
ti�ed. Accurate analytical modeling can be used to
quantify and predict the I/O request response time for
di�erent workloads. While previous analytical models
to calculate the I/O request response time have been
constructed, they often rely upon simplifying assump-
tions or computational bounds, which are accurate for
certain values of the possible workload parameters.
This paper presents an analytical performance model
to compute the mean steady state response time of
a RAID 5 I/O request under a transaction-processing
workload. By carefully considering individual disk ac-
cesses, the arrival process of disk requests, and corre-
lation between disk requests, an accurate model for a
wide range of the workload parameters is developed.

1 Introduction
Over the past decade, it has been recognized that

as CPU and memory performance of computers con-
tinue to dramatically increase, I/O performance has
improved at a much slower pace. To address the grow-
ing gap between processor/memory and I/O perfor-
mance, new strategies for mass data storage have be-
gun to be developed. One way to increase I/O per-
formance is to use an array of disks. By interleaving
data across many disks, both throughput (megabytes
per second) and the I/O rate (requests per second)
are improved. However with more disks, the relia-
bility and availability of disk arrays is lower than for
single disks. Because disk arrays hold the promise of

improved performance, di�erent ways to design and
organize disk array architectures have been investi-
gated. One e�ort is Redundant Arrays of Inexpensive
Disks (RAID).

Introduced in [1, 2], Patterson, Gibson, and Katz
present �ve ways to introduce redundancy into an ar-
ray of disks: RAID Level 1 to RAID Level 5. For each
level, data is interleaved across multiple disks, but the
incorporated redundancy ranges from traditional mir-
roring to rotated parity. Using a simple model of max-
imum throughput, the authors suggest that RAID 5
with rotated parity o�ers the best performance poten-
tial of the organizations considered.

Although it appears that RAID 5 can achieve lower
I/O request response times than single disks, tools for
modeling and analyzing response time under di�er-
ent operating conditions are important to be able to
compare RAID 5 and current disk systems. In partic-
ular, analytical models combined with a realistic as-
sessment of workload would allow a system architect
to accurately design and predict the performance of a
RAID 5 disk array. But like many parallel systems,
disk arrays are di�cult to model because of the e�ect
of queuing and fork-join synchronization. Since data
is placed on multiple disks, each I/O request requires
several disk requests. Each disk request waits to ac-
cess a disk then waits for the other disk requests to
complete before the I/O request can complete. Under
general conditions, exact analysis of the e�ect of these
non-independent delays on the I/O request response
time is not possible. However, approximate analysis
such as computation of upper and lower bounds of the
mean I/O request response time is possible by careful
consideration of the characteristics of the system.

This paper presents an analytical model to calcu-
late the mean steady state response time for a RAID 5
I/O request under a transaction-processing workload.
By systematically deriving the distribution of time for
a disk to service a request, the arrival process of re-
quests to individual disks in the array, and the time



for all disk requests in an I/O request to complete,
a model which considers both queuing and fork-join
synchronization is developed. Based on this model,
analytical values for the mean overall, mean read, and
mean write response times for I/O requests are com-
puted over a wide range of the workload parameters
and compared to results obtained from a detailed sim-
ulation model.

Previous analytical models of I/O request response
time include [3, 4, 5, 6]. In particular, Lee and Katz [3]
constructed a closed queuing model and compared sev-
eral disk utilization approximations to results from a
detailed simulation model. Although a formula for
response time based on disk utilization is derived, it
is based on the mean service time for a disk request
which is not determined. Chen and Towsley [4, 5]
modeled RAID 5 performance using queuing analy-
sis and determined the mean overall, mean read and
mean write I/O request response times. They con-
sidered write synchronization, the e�ect of di�erent
request size distributions, and disk access skewing.
Thomasian and Menon [6] developed a model for I/O
request response time under normal, degraded, and
rebuild modes based on an M=G=1 queue with server
vacations.

In [4, 5, 6], the authors assume that arrivals to each
disk in the array can be approximated as independent
Poisson processes with a uniform rate. Although both
report accurate results for the mean I/O request re-
sponse time based on the workloads considered, we
show how such assumptions can lead to inaccurate re-
sults when a larger range of the workload is consid-
ered. In our model, we illustrate how the workload
inuences the arrival and service of disk requests. As
a result, we can analytically determine the regions of
the workload where such assumptions are appropriate
and verify these conclusions by detailed simulation.

The organization of this paper is as follows: section
2 briey describes the RAID 5 architecture, including
data and parity assignment and I/O methods. Using
this description, the workload and assumptions used
in developing the analytical models are presented in
sections 3 and 4. Section 5 develops a model for indi-
vidual disk accesses, including derivation and approxi-
mation of the time to service a disk request. In section
6, we show how disk requests are distributed to indi-
vidual disks given Poisson arrivals of I/O requests and
a transaction processing workload. Based on the ar-
rival process and disk service time for disk requests,
section 7 demonstrates that response time for an I/O
request is the maximum of the completion times of the
resulting disk requests. Using the completion time for
an I/O request, formulas for the mean overall, mean
read, and mean write response times are derived. Sec-
tion 8 presents graphs of the analytical and simulated
mean I/O request response times. Finally, section 9
gives conclusions and directions for future research.

2 RAID 5 Architecture

2.1 Data and Parity Placement
A RAID 5 disk array consists of N identical disks

on which data is interleaved. The unit of data inter-
leaving, or amount of data that is placed on one disk
before data is placed on the next disk, is a stripe unit.
Since disks are organized into rows and columns, the
set of stripe units with the same physical location on
each disk in a row is a stripe. Each stripe contains data
stripe units and a parity stripe unit. A parity stripe
unit is the exclusive-or (XOR) of all the data stripe
units in the stripe. The presence of a parity stripe
unit in each stripe allows a RAID 5 disk array to tol-
erate single disk failures in each row of disks. When
a single disk in a row fails, a data stripe unit can be
reconstructed by reading the corresponding data and
parity stripe units from the other disks in the stripe.
The number of stripe units in a stripe is de�ned as
the stripe width (Ws), where the number of data stripe
units in each stripe is Ws � 1.

Parity stripe units in a RAID 5 disk array are ro-
tated, i.e. distributed uniformly across all disks in a
RAID 5 disk array. This helps to balance the increased
load at each disk caused by requests that update par-
ity. Another advantage of rotated parity is that data
is also distributed more evenly. A more uniform dis-
tribution of data increases the probability that a disk
will participate in an I/O operation, which increases
the throughput and I/O rate of the array.

2.2 I/O Methods
Given a description of how data and parity are

placed on a RAID 5 disk array, operations to read
data from and write to the array can be de�ned. A
read request for data results in read requests for data
stripe units at individual disks. When all stripe units
have been accessed, the I/O request is complete. For a
write request, data stripe units must not only be writ-
ten, but the corresponding parity stripe units must be
updated. Depending on how much of a stripe is writ-
ten and how many stripes are accessed, three di�erent
cases can occur.

1. If the request starts at the �rst data disk in a
stripe and the request size is Ws � 1 data stripe
units, all data stripe units in the stripe are writ-
ten. This is called a full stripe write. Since the
parity stripe unit is the exclusive-or of all data
stripe units in the stripe and all data stripe units
are written, the new parity stripe unit is gener-
ated entirely from new data. The request com-
pletes when all data and parity stripe units are
written.

2. If the request consists of less than Ws � 1 data
stripe units and all stripe units belong to the same
stripe, the stripe is partially modi�ed. Since the
new parity stripe unit is a combination of the new



write new data and parity

read old data and parity

Figure 1: Write Synchronization

and old data stripe units, the new parity is com-
puted by reading the old data and parity stripe
units, then XORing the old and new data. The
request completes after the new data and parity
stripe units have been written.

3. If the request accesses two or more stripes, i.e.
data stripe units requested are allocated across
stripe boundaries, two or more partial and/or full
stripes must be updated. Because an operation
on one stripe does not e�ect the data and parity
stripe units in another stripe, a write I/O request
that accesses multiple stripes is divided into sev-
eral partial and/or full stripe writes. The I/O
request is complete when all operations �nish.

A potential problem that arises during a partial stripe
write is how the parity stripe unit is updated. If the
old data stripe units are overwritten by new data be-
fore the new parity stripe unit is calculated, the parity
stripe unit will be incorrect. To ensure that old data
and parity stripe units are read before new data is
written, the write request must be synchronized be-
tween read and write phases. Several methods have
been proposed to ensure synchronization [7]. For ex-
ample, Chen and Towsley [4] model the disk-�rst with
priority scheme, in which parity requests are issued
when the data accesses reach the head of the disk
queues, but the parity access is given higher prior-
ity than non-parity accesses at the same disk. In our
model shown in Figure 1, synchronization is ensured
by waiting for all reads for old data and parity, then
issuing the write requests for the new data and parity.
As opposed to [4], this method incurs higher response
time for the parity update requests by not using prior-
ity, but reduces the response times for other requests
at the same disk.

3 System Workload
The workload we consider is determined by the size

and arrival pattern of I/O requests. Since the arrivals

of I/O requests to the disk array depend on the char-
acteristics of the application(s) which read from and
write data to the array, it is impossible to give a gen-
eral model for the arrival of I/O requests. However,
for many applications, the stream of I/O requests can
be approximated by a Poisson process. In [4, 5, 6],
they also assume that the arrival of I/O requests is
Poisson but further assume that arrivals to each disk
are also Poisson and independent with a uniform rate.
In this paper, we assume that the arrival of I/O re-
quests is Poisson but compute the arrival process of
requests to individual disks in section 6.

The second component of the system workload is
the size of an I/O request. For many applications, re-
quest sizes can be classi�ed as either supercomputer-
based, where requests are large and infrequent, or
transaction-based, where small amounts of data are
frequently accessed. For this work, it is assumed that
requests are transaction-based, where the number of
data stripe units requested is less than or equal to the
number of data stripe units in a stripe, Ws � 1. A
distribution which reects this type of workload is a
quasi-geometric distribution [4, 5]:

PfN = ng =
�

� n = 1;

(1 � �)
�(1��)n�1

(1��)�(1��)Ws�1
n = 2; : : : ;Ws � 1 ;

where N is a random variable representing the request
size (1 � n � Ws � 1), � is the probability that one
data stripe unit is requested (0 � � � 1), and � is the
parameter of the geometric distribution (0 � � < 1).
Since we assume that the maximum number of data
stripe units in an I/O request is Ws� 1 and a request
for data can overlap stripe boundaries, at most two
stripes can be accessed during any I/O request.

4 Model Overview
Using a description of a RAID 5 disk array, includ-

ing data and parity mapping, I/O methods and sys-
tem workload, we can develop a model to compute
the mean response time of a RAID 5 I/O request. In
doing so, the following assumptions are made:

1. Although our approach works with any RAID 5
con�guration, we assume that the array contains
20 disks with a stripe width of 5 disks and a stripe
unit size of 4 KB to obtain numerical results.

2. For many transaction-processing workloads, such
as scienti�c databases, a majority of requests are
queries to read data. The ratio of reads to writes
for such systems is typically 2 or 3 to 1. In this pa-
per, the probabilities for read and write requests
are assumed to be 0.7 and 0.3.

3. Each disk can service only one request at a time.
Other requests wait and are serviced in �rst come-
�rst served (FCFS) order.

4. The arrival of I/O requests to the system is Pois-
son with rate �.



5. I/O requests access data throughout the disk ar-
ray in a uniform pattern. Since an I/O request
requires multiple stripe units, this means that the
starting stripe unit is assumed to be random and
that each disk in the array is equally likely to
contain the starting stripe unit in a request.

6. Since the focus of this paper is the performance
of the array, we assume that the response time for
I/O requests is only a�ected by the disk subsys-
tem, i.e. memory and data paths are fast enough
to have little impact on the response time of a
request.

Based on a description of the data and parity place-
ment, I/O methods, workload, and model assump-
tions, we can construct a model to calculate the re-
sponse time for a RAID 5 I/O request. Recall that
an I/O request generates several disk requests. Each
request may wait for several disk requests to complete
before service for that request begins. Once the data
for a request has been located and transfered to mem-
ory, it must wait for the remaining disk requests in the
I/O request to complete before the I/O request can
complete. In the following sections, we will analyze
each of the non-independent delays that contribute to
the response time of an I/O request.

To do this, we �rst develop a model of the time
for a disk to service a disk request. Second, based
on the Poisson arrival of I/O requests, we derive the
arrival process of requests to individual disks and the
probability that a disk is accessed by an I/O request,
subject to the request size distribution. Third, using
the arrival process and service time for a disk, the
completion time for a disk request is viewed as the
virtual waiting time of a queue with the same arrival
and service time distribution. Finally, we compute the
response time for an I/O request as the maximum of
the dependent completion times of the accessed disks.

5 Disk Model
Since an I/O request is composed of multiple disk

requests, a model of the I/O request response time
must consider the time for individual disk accesses.
Although a disk access involves many complex electri-
cal and mechanical interactions, the seek time, rota-
tional latency, and transfer time dominate the time to
service a disk request. At a high level, the time for a
disk to service a request can be viewed as the time to
locate the correct track and sector where the data is
located and the time to transfer the data to memory.
To precisely de�ne the time needed for disk service,
let S, R, T , and Y be a set of random variables rep-
resenting seek time, rotational latency, transfer time
and disk service time. As stated above, a disk request
involves locating the correct track and sector, then
transferring the data to memory, or Y = S + R + T .
Because the track location is independent of sector
placement, density of Y , fY (y), can be written as a

maximum disk rotation time (Rmax) 16.7 ms
number of disk cylinders (C) 1200
total disk storage 500 MB
single cylinder seek time (a, Smin) 3 ms
average seek time ( �S) 11 ms
maximum stroke time (Smax) 18 ms
sustained transfer rate (Tr) 3 MB/s

Table 1: Assumed Disk Parameters

convolution fS(s) � fR(r) � fT (t). Using previous re-
sults for the probability densities (pdf) for seek time,
rotational latency, and transfer time, we can evalu-
ate the convolution to determine the pdf of the disk
service time.

5.1 Seek Time
In considering a model for seek time, there exists a

possibility that the disk arm does not move during a
disk access. This is called the sequential access prob-
ability ps [4, 5]. This probability changes according
to the data access pattern for disk requests and the
disk scheduling policy. When requests access data in
uniformly and the disk scheduling is �rst-come, �rst-
served, the disk arm tends to move to any other cylin-
der with equal probability during a request. Given
these assumptions, the pdf of seek distance can be ex-
pressed as [4, 5]

PfD = ig =
(

ps i = 0

(1� ps)
n

2(C�i)
C(C�1)

o
i = 1; 2; : : : ; C � 1 ;

where C is the total number of disk cylinders.

To determine a relationship of seek time to seek
distance, Chen and Katz [8] empirically derive a for-

mula for the disk pro�le, s � a + b
p
i, i > 0, where

s is the seek time, i is the seek distance in cylin-
ders, a is the arm acceleration time, and b is the
seek factor of the disk. In terms of the parameters
listed in table 1, a is equivalent to the single cylin-
der seek time. The seek factor b can be expressed as
(�10a+15�S�5Smax)=3

p
C where a is the single cylin-

der seek time, �S is the average seek time, and Smax

is the maximum seek time [3]. Because seek time is
a function of seek distance, the seek time pdf can be
written as a transformation of the seek distance pdf

fS(s) =

(
0 s = 0
(1�ps)2[C�((s�a)=b)

2]
C(C�1) 0 < s � Smax :

5.2 Rotational Latency
Under a variety of workloads and disk scheduling

policies, rotational latency is commonly assumed to be
uniformly distributed in [0; Rmax], where Rmax is the
time for a full disk rotation. However, in [9], the au-
thors note that the uniform distribution is an accurate



approximation for rotational latency when requests at
a disk are independent. Since we assume that the
starting data stripe unit of each I/O request is ran-
dom, the locations of data for successive requests at a
disk will tend be scattered across the disk. Thus, we
use the uniform distribution to model the rotational
latency of a disk.

5.3 Transfer Time
Once the location for the data has been determined,

the data is transferred to memory. Because each disk
request involves a request for a stripe unit of �xed
size, the transfer time is constant. The transfer time
is T = bTr, where b is the stripe unit size in bytes and
Tr is the sustained transfer rate. Using the parameters
in table 1, the transfer time for a 4 KB stripe unit is
approximately 1.3 ms.

To determine the probability density for the disk
service time, we convolve the each of the densities.
Because the transfer time is constant, the disk service
density depends on the convolution of the seek time
and rotational latency. The transfer time will shift the
disk service time, but will not change the shape of the
probability density. Since seek time is based on the
number of cylinders that the disk arm moves, S is not
a continuous random variable. Due to the discrete na-
ture of seek time, the regions of integration for fY (Y )
depend on a, Smax, and Rmax. For the case where
Rmax � b

p
C � 1, which corresponds to the param-

eters in table 1, the density of Y can be written as
a set of polynomial equations. This set of equations
is similar to those derived in [4], but di�erent behav-
ior is observed at the boundaries of integration as ps
increases.

Figure 2 shows a graph of fY (Y ) using the param-
eters listed in table 1. To interpret this graph, we
consider how seek time, rotational latency, and trans-
fer time a�ect the disk service time. Note that seek
time and rotational latency are both larger than the
transfer time of a disk request. As ps increases, the
seek time becomes smaller and rotational latency dom-
inates the disk service time of the request. If the
disk arm does not move, rotational latency is e�ec-
tively the only component of time for a disk request,
and the density of disk service time equals the uni-
form density of the rotational latency. When ps=1/C,
where C is the number of disk cylinders, the prob-
ability that the disk arm does not move equals the
probability of moving to any other cylinder, making
the function continuous. To determine which of the
curves in Figure 2 reects the service time of a disk in
our RAID 5 disk array model, we consider the loca-
tions of data accessed by successive requests. Since we
assume that the starting stripe unit of an I/O request
is random and requests for a disk are serviced in �rst
come, �rst served order, the data locations accessed
between successive requests will tend to be scattered
across the disk. Therefore, during a request, the disk
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arm will tend to move to any other cylinder (including
not move) with equal probability. This is equivalent to
the case where ps = 1=C. When the sequential access
probability ps is 1/C, the pdf of disk service time can
be approximated by an Erlang density of order k and
mean �. Figure 3 shows an optimized �t of the Erlang
pdf to the actual pdf using the least squares curve �t-
ting method. By shifting the mean slightly, the peak
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Figure 3: Erlang Approximation for Disk Service Time
Density

can be more closely matched (peak �t), while sacri�c-
ing the error on the right side of the curve. The peak
�t parameters of the Erlang density are order (k) 8
and mean (�) 42. We will use the peak �t parame-
ters for the Erlang density as an approximation to the
disk service time pdf. Using this approximation, we
will derive analytical expressions for the mean steady
state I/O request response time in section 7.

6 Disk Arrival Process
Since the response time for an I/O request depends

on completion times for disk requests, it is important



to characterize the arrival process of disk requests. In
this section, we will show how requests arrive at indi-
vidual disks given a Poisson stream of I/O requests in
a RAID 5 disk array.

Let fN(t)jt � 0g be the Poisson stream of I/O re-
quests. Let fNk(t)jt � 0g; 1 � k � n, be n output
processes, where each output process is a group of k
of disks accessed by an I/O request. pk is the prob-
ability that a group of k disks is accessed by an I/O
request. Since only one out of a possible n groups of
disks may be accessed by each I/O request, selections
of groups of disks during successive I/O requests form
a sequence of generalized Bernoulli trials.

Multiplying by the probability that there are m re-
quests in (0; t], the probability mass function that m1

requests access group 1,m2 requests access group 2,: : :
mn requests access group n in (0; t] is a multinomial
partitioning of I/O requests that results in mutually
independent Poisson arrivals at groups of disks. Thus,
the rate of arrivals for group 1, group 2,: : : group n are
p1�; p2�; : : : pn�. Because an individual disk is part of
di�erent groups of disks that can be accessed during a
request, the superposition of these Poisson group re-
quests results in Poisson arrivals at an individual disk.
The arrival rate of requests at a disk is pj�, where pj
is the probability that disk j, 1 � j � N , is accessed
during an I/O request and N is the number of disks
in the array. Although the arrival process to each disk
is Poisson, it is important to note that these processes
are not independent, since the probability that an in-
dividual disk is accessed depends upon the group of
disks that is accessed. The e�ect of the dependence
between arrivals to individual disks on the I/O request
response time will be addressed in section 7.

The probability pj that disk j is accessed depends
on the number of data stripe units requested and
whether the request is a read or write. pj is expressed
as

pj =

Ws�1X
n=1

PfN = ngprqrn;j+
Ws�1X
n=1

PfN = ngpwqwn;j

where PfN = ng is the probability that an I/O re-
quest accesses n data stripe units, pr and pw are the
probabilities that an I/O request is a read or write,
and qrn;j and qwn;j are the probabilities that disk j is
accessed during a read/write request for n data stripe
units. Both qrn;j and qwn;j depend on how a disk is
accessed during an I/O request. A simple approach to
compute pj would be to enumerate all possible I/O re-
quests that access disk j, then divide by the total num-
ber of I/O requests. However, for even small arrays,
the number of possible I/O requests becomes large and
calculations become complicated. A better approach
is to look at how I/O requests access stripes of data.

Because disks are organized into rows and columns,
any disk can be referenced by the row r and the disk

k within that row. Recall that at most two stripes
can be accessed by an I/O request. We can separate
the probability that disk j is accessed during an I/O
request into the probabilities that row r is accessed, qr,
the probability that n data stripe units are requested,
PfN = ng, and the probability that disk k of row r is
accessed during a request for n data stripe units, qkn ,

pk;r = qr

(
Ws�1X
i=1

PfN = ngqkn
)
:

To evaluate qkn , recall that an I/O request can access
one or two stripes. By enumerating all possible read
and write requests that directly access a stripe and
those that overlap from the adjacent stripe, we can
determine the requests that access a speci�c disk of a
row. Multiplying by the probability that a speci�c row
is accessed gives the probability that disk j is accessed,
pj ,

pj = qrPfN = ng
Ws�1X
n=1

fprqrn;k + pwqwn;kg

where qrn;k is the probability that disk k of row r is
accessed during a read I/O request for n data stripe
units and qwn;k is the probability that disk k of row r
is accessed during a write I/O request for n data stripe
units. Since the probability that a speci�c row is ac-
cessed by an I/O request is assumed to be uniform, the
set of qr probabilities are equal and the access proba-
bility of a disk k in a row is equal to the probability for
disk k of any row. By considering how I/O requests
access stripes of data, we are able to compute disk ac-
cess probabilities based on a row of disks rather than
all disks in the array.

A graph of the disk access probabilities, for a rep-
resentative row of disks, is shown in Figure 4. The
parameters of the request size distribution, � and �
of the quasi-geometric distribution in Chapter 2, are
placed on the x-axis. For each � from 0.1 to 0.9 in
increments of 0.1, � varies from 0.1 to 0.9 in incre-
ments of 0.1. To verify the accuracy of the analytical
computations, disk access probabilities for all disks in
the array are also obtained from a detailed simulation
model of I/O requests (Figure 5) with a con�dence
level of 99% and relative con�dence interval width of
�1%. As � and � are varied, the graph separates into
nine regions where � is �xed and � varies within each
region. As � increases, the probability that one data
stripe unit is accessed by an I/O request increases.
Since a disk is less likely to be accessed during smaller
sized requests, the disk access probabilities for each
region are higher when � is lower. Within a region for
a given �, as the parameter of the geometric distribu-
tion � increases, the probability that one data stripe
unit is requested increases and the disk access proba-
bilities decrease. Therefore, as reected in the graphs,
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0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.1 0.9  0.1 0.9  0.1 0.9  0.1 0.9  0.1 0.9  0.1 0.9  0.1 0.9  0.1 0.9  0.1 0.9

pr
ob

ab
ili

ty
 o

f d
is

k 
ac

ce
ss

ρ

σ=0.1 σ=0.2 σ=0.3 σ=0.4 σ=0.5 σ=0.6 σ=0.7 σ=0.8 σ=0.9

Disk 1
Disk 2
Disk 3
Disk 4
Disk 5
Disk 6
Disk 7
Disk 8
Disk 9

Disk 10
Disk 11
Disk 12
Disk 13
Disk 14
Disk 15
Disk 16
Disk 17
Disk 18
Disk 19
Disk 20

Figure 5: Simulated Disk Access Probabilities

disk access probabilities are highest when < �; � > is
lowest. An important point is that only at the small-
est request sizes are the disk access probabilities close
to a uniform value. Disk access probabilities are more
than three times larger than a uniform value when the
request sizes are largest.

Comparing analytical and simulation results, prob-
abilities computed analytically are extremely close to
the the simulated probabilities for all disks. It is
clear that since the probability that a particular row
is accessed is uniform, access probabilities for the ith
(1 � i � Ws) disk in each row are equal and the
access probabilities for each disk in the array are ap-
proximately equal. However, as shown in the graph
and calculated in [10], there are slight di�erences in
the disk access probabilities for disks of the same row
since all combinations of n data stripe units are not
possible in an I/O request for n data stripe units.

7 Response Time

7.1 Analytic Computation
Given how requests arrive and are serviced by a

disk, we can calculate the response time for an I/O
request. Based on the number of disks accessed, the

type of I/O request, and completion time for a disk
request, we will determine expressions for the mean
overall, mean read, and mean write response times of
an I/O request.

Depending on the number of data stripe units ac-
cessed and whether a request is a read or write, a
request for n data stripe units results in l disk re-
quests, where l � n. For a read request, a request
for n data stripe units results in n disk requests. The
request completes when all n disk requests are com-
plete. A write of n data stripe units may be a partial
stripe write, a full stripe write, or a partial write of
two stripes. A partial write of a single stripe requires
n+1 data and parity stripe units to be read and writ-
ten in two separate operations. A full stripe write re-
quires Ws requests to write data and parity since the
new parity is completely determined from new data.
When two stripes are accessed, the operation can be
separated into two independent partial stripe opera-
tions because stripe units in one stripe do not depend
on those in another stripe.

If we represent a disk as a queue, the completion
time for a disk request is equivalent to the virtual wait-
ing time of a queue. The virtual waiting time is de-
�ned as the time for both the requests ahead of and a
request itself to be serviced [11]. Since the disk service
time can be approximated by an Erlang distribution
and arrivals to each disk are Poisson, the steady state
distribution of the completion time for a disk request
can be viewed as the virtual waiting time distribution
of an M=Ek=1 queue in steady state (VM=Ek=1). Fur-
thermore, since the arrival rates of requests and disk
service time for each disk are approximately equal,
the virtual waiting times of each disk are also approx-
imately equal. Based on the fact that the virtual wait-
ing times of each disk are approximately equal, the re-
sponse time for both read and full stripe write requests
can be formulated as the maximum of l identical vir-
tual waiting times.

Although the calculation is similar for a partial
write of a single stripe, the request requires data and
parity to be read then written in two separate oper-
ations. Thus, the response for the I/O request is the
maximum of the virtual waiting times for the disk re-
quests to read old data and parity and the maximum
of the virtual waiting times for disk requests to write
the new data and parity. An important consideration
is the distribution of virtual waiting times for requests
to read old data and parity and the distribution to
write new data and parity.

Because requests for a partial stripe write are fed
back to write new data and parity, the combined ar-
rival process of I/O requests to the array of new and
feedback arrivals is not Poisson. However, we con-
jecture that since the percentage of partial write re-
quests is small compared to read and full stripe write
requests and that disk requests are fed back once after



synchronization, the overall arrival process will remain
approximately Poisson. This di�ers from analyses of
single server queues in which jobs are fed back with
a �xed probability. When jobs are fed back multiple
times for the same arriving task, the percentage of
customers that are fed back over steady state is large
enough to destroy the Poisson process. However, for
RAID 5 partial write, disk requests are fed back once
after synchronization. Furthermore, this synchroniza-
tion step tends to smooth out the feedback arrival pro-
cess and preserve the overall Poisson arrival process of
requests to groups and individual disks in the array.

Assuming that the arrival process remains Poisson,
the mean time to write the new data and parity will
be the same as to read the old data and parity be-
cause of the PASTA (Poisson Arrivals See Time Av-
erages) property of Poisson arrivals. Therefore, the
mean response time for a partial stripe write request
is 2�(maximum l VM=Ek=1). By comparing analytical
and simulated response times for write I/O requests
in section 8, we will investigate the assumption that
the feedback of requests caused by a partial write I/O
request does not markedly change the overall Poisson
arrival process to disks in the array.

To determine the distribution of the virtual wait-
ing time for the steady state M=Ek=1 queue, we refer
to [11]. IfW is a random variable denoting the virtual
waiting time of the M=Ek=1 queue in steady state,
where k is the order and � is the mean of the Erlang
distribution and � is the disk request rate, distribution
of W is written as a series expansion

FW (t) = 1� e�k�t
�X
i=0

�i[k�t]
i

i!

where the coe�cients �i have the form

�i =

�
1 if i = 0; 1; : : : k � 1
�
k�

Pr
j=1 �i�j if i = r; r + 1; : : :

and � is chosen to be large relative to k. Since k = 8 as
described in the Erlang approximation in section 2, �
was chosen as 60, su�ciently accurate for all numerical
calculations [11].

As stated above, calculation of the response time of
an I/O request is based on the maximum of the virtual
waiting times of the l disks accessed during a request
for n data stripe units. However, for the general case,
computation of the maximum of l non-independent
random variables becomes di�cult if the distribution
is complicated or l is large. As an approximation, we
use the method in [12] to compute an upper bound
for the expected value of the maximum of l identical
random variables. Using the expression for the virtual
waiting time for the steady state M=Ek=1 queue, the
expected maximum of l M=Ek=1 virtual waiting times

is

Ml =
� + 1

k�

�
1 +

[� + 1]k�ml��+1=(� + 1)!P�
i=o(k�ml)i�i=(i)!

�

where ml is such that

le�k�ml

�X
i=0

�i[k�ml]
i

i!
= 1

Based on the upper bound for the mean time for l disk
requests to complete, the mean overall, mean read,
and mean write response times for an I/O request can
be written as

tr =
PWs�1

l=1 PrfA = lgMl

tw =
PWs+1

l=2 PwfA = lg2�Ml

t = prtr + pwtw

where PrfA = lg and PwfA = lg are the probabilities
that l stripe units are accessed during a read request
and write request, and Ml is an upper bound for the
expected maximum of the virtual waiting times for l
disk requests.

Note, that since parity must be updated during a
write request, the minimum number of stripe units
that can be accessed is a data stripe unit and the
corresponding parity stripe unit, or two stripe units.
Since Ws � 1 is the maximum number of data stripe
units in a request and at most two stripes can be
accessed given the transaction-processing workload
based on the quasi-geometric distribution, two parity
stripe units must also be updated in addition to the
Ws data stripe units, making the maximum number
of stripe units accessed in a write request, Ws + 1.

7.2 Model Validation
In order to compare and validate analytical results,

a detailed event-driven simulator was constructed.
The simulator is designed to mean the average steady
state throughput and response time of a RAID 5 I/O
request. We will describe how the simulator models
I/O requests and point out key di�erences from the
analytical model.

Although an I/O request is generated according to
the same workload as in the analytical model, the sim-
ulator and analytical model di�er in how requests are
assigned to a disk and how disks service a request.
Once the number of data stripe units in the request
has been determined from the quasi-geometric distri-
bution, the starting data stripe unit for the request is
randomly chosen from all possible data stripe units.
For the number of data stripe units in the request, re-
quests are assigned to successive disks. If the request
is a read, disks where a parity stripe unit is located are
skipped; requests to read the old parity are assigned
if the request is a write. This di�ers from the prob-
abilistic assignment of requests used in the analytical
model.



Each disk services requests in �rst-come, �rst-
served order and maintains the current disk position
(track, sector). When a new request is received, the
new sector and track are computed and the seek time
and rotational latency to position the read/write head
at this new position is calculated. Then the time to
transfer the stripe unit to memory is added to the
completion time. When the disk request completion
time becomes the minimum next event time, the re-
quest is removed from the disk queue and the next
disk request is serviced; otherwise the disk remains
idle. By explicitly maintaining disk position, we check
the Erlang disk service time approximation used in the
analytical model.

In the same manner, each disk request of an I/O
request is serviced. Once all requests have completed,
the time at which the last disk request �nished is
recorded. The time from when the I/O request was
generated to this time is recorded. If the request is a
read, this is the response time of the I/O request. If
the request is a write, the disk requests are reassigned
to the same disks and the time until all disk requests
complete again is the response time for a write I/O re-
quest. When a su�cient number of I/O requests have
been generated, the mean overall I/O request response
time is calculated by summing the completion times of
all the I/O requests and dividing by the total number
of I/O requests. In a similar manner, the mean read
and write response times are the sum of the comple-
tion times of the read and write requests divided by
the number of read and write requests.

The batch means method [13] was used to statis-
tically determine whether a su�cient number of I/O
requests had completed for the steady state response
time to lie within a speci�ed con�dence interval and
relative con�dence interval width. Using an initial
batch of 1000 I/O requests to complete the transient
period and a batch size of 1000, the simulation was
sequentially lengthened by increasing the number of
batches until a con�dence level of 99% and relative
con�dence interval width of 1% was reached. Since we
are careful to achieve a high degree of accuracy with
the simulator, di�erences between the analytical re-
sults and simulation results are due to the probabilis-
tic assumptions of the analytical model rather than
statistical inaccuracies in the simulation.

8 Results
Graphs of the analytical and simulated values of the

steady state mean overall I/O request response time
are shown in Figures 6 and 7; graphs for the steady
state mean read and write I/O request response times
are given in the appendix. In addition, graphs of the
percent di�erence are shown for each set of graphs of
the mean overall, mean read, and mean write I/O re-
quest response times. For each graph, the x-axis rep-
resents the parameters of the request size distribution,
� and �. For each � from 0.1 to 0.9, � varies from 0.1
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Figure 6: Mean Overall Response Time - Analytical
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Figure 7: Mean Overall Response Time - Simulation

to 0.9. The y-axis represents the mean steady state re-
sponse time for an I/O request. The separate curves
on each graph represent the I/O request rate, �, rang-
ing from 20 requests/second to 180 requests/second.

It can be seen that as the rate of I/O requests in-
creases, response time increases and jumps caused by
the disk access probabilities illustrated in Figures 4-5
become more pronounced. As � and � increase, the
number of stripe units for an I/O request decreases,
causing the mean response time of the I/O request to
decrease. For the range of I/O request rates and sizes,
the percent di�erence between the analytical and sim-
ulation response times is less than 10%, where the
percent di�erence is highest when the request rate is
highest and request size is largest. In addition, we
point out that the analytical values are slightly larger
than the simulation results, since their computation is
based on an upper bound for the expected maximum.
An important point is the relationship between the

read and write I/O request times. Since a write re-
quest requires two phases to read then write data and
parity, we would expect that the write response time
would be approximately two times greater than the
read response time for an I/O request of n data stripe
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Figure 8: Mean Overall Response Time - Percent Dif-
ference

units. Although this is true at low I/O request rates,
the write response time is approximately three times
greater at the highest request rates and sizes [10]. Due
to additional queuing at a disk at higher request rates,
additional disk accesses for parity update(s) cause the
response time for an I/O request to increase dramati-
cally. This illustrates why it is important to consider
the actual I/O request rate and disk access probabili-
ties for read and write requests rather than assuming
a uniform distribution of arrivals, as was done in pre-
vious studies [4, 5, 6].

9 Conclusions
This paper has presented an accurate analytical

model to compute the mean response time of an I/O
request during steady state. By analyzing and de-
riving the components needed for an I/O request to
access data, a higher degree of accuracy when com-
pared to measurement and detailed simulation than
previous studies was obtained.

First, given previous work for di�erent components
of a disk access, the probability density of the time
to locate and transfer data during a disk request was
derived. Second, given that I/O requests are Poisson,
it was determined that requests to groups and indi-
vidual disks were also Poisson with a rate equal to the
probability that the group or disk is accessed during
a request times the I/O request rate, where disk ac-
cess probabilities were calculated from the behavior
of a representative row of disks. Third, since an I/O
request resulted in multiple disk requests, it was ob-
served that response time for l disk requests can be
expressed as the maximum of l virtual waiting times
of a queue. Since requests were shown to be Poisson
and disk service time distribution was approximated
by an Erlang density, an upper bound for the expected
maximum of l virtual waiting times of the steady state
M=Ek=1 queue was determined and used to calculate
the completion time of l dependent disk requests.

Based on this approach, we can analyze other as-

pects of RAID 5 performance. Although we do not dis-
cuss degraded and rebuild modes in this paper, RAID
5 can tolerate single disk failures in each row. An
important consideration of RAID 5 design is how the
response time for an I/O request is a�ected when one
or more disks have failed and are undergoing recon-
struction. We are currently extending this work to in-
vestigate di�erent ways to balance response time and
total reconstruction time for the RAID 5 disk array.
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