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Abstract

Stochastic orders can be applied to Markov reward mod-
els and used to aggregate models, while introducing a
bounded error. Aggregation reduces the number of states
in a model, mitigating the effect of the state-space explo-
sion and enabling the wider use of Markov reward models.
Existing aggregation techniques based upon stochastic or-
ders are limited by a combination of strong requirements on
the structure of the model, and complexity in determining
the stochastic order and generating the aggregated model.
We develop a set of general conditions in which models can
be analyzed and aggregated compositionally, dramatically
lowering the complexity of the aggregation and solution of
the model. When these conditions are combined with a re-
cently developed general stochastic order for Markov re-
ward models, significantly larger models can be solved than
was previously possible for a large class of models.

1 Introduction

Markov reward models are an important model type for
performance and dependability analysis of discrete event
systems. Although transient and stationary analysis of con-
tinuous time Markov chains (CTMCs) and discrete time
Markov chains (DTMCs) is theoretically easy and a large
number of numerical methods exist for this purpose [19],
practical problems arise due to the so-called state space
explosion problem. Thus, analysis of large CTMCs or
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DTMCs is still a challenging problem. For state-space sizes
beyond numerically solvable sizes, simulation, approxima-
tions, or bounding techniques can be used. Simulation and
approximation techniques suffer from the problem that an
unknown error can make them hard to use in cases where
rare events have to be analyzed. Bounding methods are
more attractive, since the quality of bounds can be easily
evaluated.

Several bounding methods exist. For stationary analysis,
the method of Courtois and Semal [7] is very prominent and
has led to a couple of extended methods [15, 13, 3]. How-
ever, those approaches can only be applied for stationary
and not transient analysis, and often can only be applied for
specific Markov chains.

An alternative bounding approach uses the more gen-
eral concepts of stochastic ordering and comparison [14].
In stochastic comparisons, random variables are compared
and conditions are established that one random variable is
larger than another. In the context of CTMCs or DTMCs
with rewards, this implies that one process yields a larger
reward than another. Using the concepts of strong stochas-
tic ordering and stochastic monotonicity, orderings between
states of a Markov chain and different Markov chains can be
established [12, 20]. The approach can be used to compute
bounds for various measures of Markov models [10, 16] as
shown recently.

However, the restrictions for strong stochastic orderings
as applied in the mentioned papers are very strict. That is, a
state with a larger index has to be stochastically larger than a
state with a smaller index. This implies that for many mod-
els, the resulting bounds are very loose. Another deficit of
the available approaches is that they all work on a complete
CTMC or DTMC, possibly by exploiting some of its struc-
ture. However, models can also be specified as a number of



smaller parts denoted as components, and a specification of
how the components interact, called composition. It turns
out that for large state spaces, techniques that apply aggre-
gation or state-space reduction compositionally to the state
spaces of some components before they are composed with
the rest of the system are especially successful. Take as an
example the work on stochastic bisimulation in stochastic
process algebras or automata networks [11, 2], in which an
exact aggregation of components can be applied before the
complete CTMC is built. For stochastic orderings, we are
aware of only one approach that applies the technique in a
compositional setting. In [20] it is shown that for a stochas-
tic automata network without synchronizations, stochastic
ordering in one component is preserved after the component
is combined with the rest of the system. However, without
synchronization, the modeling power of stochastic automata
is very restricted, and the interesting cases are left out.

In this paper we extend the bounding approaches based
on stochastic orderings. In [8, 9] we developed a new or-
dering relation for the states of a DTMC/CTMC or between
two DTMCs/CTMCs that generalizes the strong stochastic
ordering relation used in the above-mentioned papers. This
relation allows us to generate, for some Markov chains, ag-
gregated Markov chains that bound the transient and sta-
tionary results of the original Markov chains. In this paper,
we show that the approach can be applied to the compo-
nents of a large Markov model and that the ordering is pre-
served if certain conditions of the composition are observed.
In contrast to that described in [20], our approach allows
synchronization between components but requires some re-
strictions on the component behavior (see theorems 4.1-??)
. Since we use an ordering-relation that is a generalization
of strong stochastic ordering, the results we present gener-
alize the composition results of [20] as well.

The outline of the paper is as follows. In the next section
we briefly review our ordering relation and the correspond-
ing aggregation of Markov models. Section 3 introduces
the composition of components of a Markov model. In Sec-
tion 4, the preservation of state orderings for different kinds
of composition, which is the main result of this paper, is
shown, and we briefly present a numerical example in Sec-
tion 5.

2 A Preorder for Markov Reward Models

First we review the key definitions and theorems from
[8, 9]. Proofs of the theorems are omitted and may be found
in [9], which is available on the Web.

The preorder we use for the comparison of states is de-
fined on some Markov process Xt with a finite or count-
able state space S, initial distribution p0 (p0 : S → R

and
∑

i∈S p0(i) = 1.0), and additional reward function r
(r : S → R+), which assigns a non-negative reward to the

states. We first derive the results for DTMCs and then show
how they can be transferred to CTMCs using uniformiza-
tion [19].

Let P be the transition matrix of the DTMC. P is a
stochastic matrix of dimension |S| where |S| is the size of
the state space and P(i, j) is the transition probability from
state i to j. Similarly, the initial distribution and the reward
function can be described as an |S|-dimensional row vector
p0 and an |S|-dimensional column vector r, respectively.
The vector of all ones and the vector with 1 at index x are
represented by e and ex respectively. We use the notation
DM = (S,P,p0, r) for a DTMC with reward; the random
variable Rk(ex) denotes the reward after k steps given that
the model starts in state x, and Rk(p0) is the reward after k
steps starting with the initial distribution p0.

The following two definitions from [9] extend the defi-
nition of stochastic order to states in a Markov chain, and
to complete DTMCs. The definitions say that two states
or models are stochastically ordered if the states or models
lead to stochastically ordered results. General results about
different stochastic orderings can be found in [14].

Definition 2.1 Let DM = (S,P,p0, r) be a DTMC with
rewards and x, y ∈ S. We say x ≥st y iff Rk(ex) ≥st

Rk(ey) for all k = 0, 1, . . .

Definition 2.2 Let DM (i) = (S(i),P(i),p(i)
0 , r(i)) (i =

1, 2) be two DTMCs. We say DM (1) ≥st DM (2) iff
R

(1)
k (p(1)

0 ) ≥st R
(2)
k (p(1)

0 ) for all k = 0, 1, . . .

The following two theorems use the well-known uni-
formization approach to transform a CTMC into a DTMC
[19] and show that a stochastic ordering on the states of a
uniformized CTMC, or between uniformized CTMCs, im-
plies a stochastic ordering on the states of the CTMC or
between the CTMCs, and therefore that the key results also
hold for CTMCs.

Theorem 2.1 Let CM = (S,Q,p0, r) be a uniformiz-
able CTMC and DMα = (S,Q/α + I,p0, r) be the uni-
formized DTMC for uniformization rate α. If for some α
with maxi∈S |Q(i, i)| ≤ α < ∞: x ≥st y in DMα, then
x ≥st y in CM .

Theorem 2.2 Let CM (i) = (S(i),Q(i),p(i)
0 , r(i))

(i = 1, 2) be two CTMCs and DM (i) =
(S(i),Q(i)/α + I,p(i)

0 , r(i)) the corresponding uni-
formized DTMCs for some appropriate uniformization rate
α with maxi=1,2(maxx∈S(i)(Q(i)(x, x)|)) ≤ α < ∞. If
DM (1) ≥st DM (2) then CM (1) ≥st CM (2).

Let P(x•) denote row x of matrix P. A preorder � is
a reflexive and transitive relation among the states from S.
We use the notation i � j to indicate that i and j are related



according to preorder �. Before we define a preorder rela-
tion that implies stochastic ordering (i.e., x � y ⇒ x ≥st

y), we recapitulate the definition of decomposition.

Definition 2.3 A decomposition φ of a non-negative vector
a over finite or countable state space S is a set of vectors
(a1, . . . ,aKφ

) with ak ≥ 0 and
∑Kφ

k=1 ak = a. Kφ is the
size of the decomposition, which can be infinite.

Definition 2.4 Let S be a state space, � be a preorder on
the states of S, and a,b be two distributions over the state
space S; then, a � b iff a decomposition φ of size |S| exists
such that for every x ∈ S:

∑
y�x ax(y) ≥ b(x).

Intuitively, this definition says that a � b if every entry
in b can be replaced by some collection of entries in a, all
of which are greater than the entry in b according to �.

The previous definition is used to define preorder rela-
tions that order states according to their contribution to the
reward measures, and order models based on their reward
solutions.

Definition 2.5 A preorder � on the state space of a DTMC
DM = (S,P,p0, r) is reward-preserving, iff x � y im-
plies

1. r(x) ≥ r(y) and

2. P(x•) � P(y•).

Or, in other words, a preorder is reward-preserving if the
rewards are greater in state x than in state y, and x has larger
next states than does y.

Theorem 2.3 If for two states x, y ∈ S x � y and � is
reward-preserving, then x ≥st y.

Definition 2.6 Let DM (i) = (S(i), P(i), p(i)
0 , r(i))

(i = 1, 2) with S(1) ∩ S(2) = ∅; then, the union
of the two models is DM (12) = DM (1) ∪ DM (2) =
(S(12),P(12),p(12)

0 , r(12)) with state space defined as
S(12) = S(1) ∪ S(2),

P(12) =
(

P(1) 0
0 P(2)

)
,

p(12)
0 = 0.5

(
p(1)

0 ,p(2)
0

)
and r(12) =

(
r(1), r(2)

)

Theorem 2.4 Let DM (i) = (S(i),P(i),p(i)
0 , r(i)) (i =

1, 2) and � be a reward-preserving preorder on the union

of both DTMCs; then, DM (1) ≥st DM (2) if
(
p(1)

0 ,0
)
�(

0,p(2)
0

)
.

A basic algorithm for generating a reward-preserving
preorder (�∼) by stepwise refinement for any model is
given in [9]. It is also shown in [9] that the generated pre-
order is the coarsest reward-preserving preorder.

Theorem 2.5 If �∗ is a reward-preserving preorder on the
state space of a DM and the preorder �∼ exists, then x �∗
y ⇒ x �∼ y.

Finally, it is shown in [9] how the preorder may be used
to generate bounding aggregates that can be solved for re-
sults that stochastically bound the results for the unaggre-
gated model.

Definition 2.7 Let DM = (S,P,p0, r) and Π =
{S1, . . . ,SJ} be a partition of the state space.

• Π contains least states, iff for all Sj some x ∈ Sj exists
such that x �∼ y for all y ∈ Sj ,

• Π contains greatest states, iff for all Sj some x ∈ Sj

exists such that x �∼ y for all y ∈ Sj .

Definition 2.8 Let DM = (S,P,p0, r) be a DTMC with
rewards and Π = {S1, . . . ,SJ} be a partition of its state
space. The following aggregated processes can be defined:
S̃ = {1, . . . , J}, P̃ ∈ R

J×J , p̃0 ∈ R
J and r ∈ R

J .

1. If Π contains least states and x−
j is the least state

of Sj , then DM−
Π = (S̃, P̃, p̃0, r̃), where p̃0(j) =∑

y∈Sj
p0(y), r̃(j) = r(x−

j ), and P̃(j, l) =∑
y∈Sl

P(x−
j , y).

2. If Π contains greatest states and x+
j is the great-

est state Sj , then DM+
Π = (S̃, P̃, p̃0, r̃) where

p̃0(j) =
∑

y∈Sj
p0(y), r̃(j) = r(x+

j ) and P̃(j, l) =∑
y∈Sl

P(x+
j , y).

The significance of a partition having greatest or least
states is shown in the next theorem. A partition with greatest
or least states can be used to generate an aggregated model
that stochastically bounds the original model.

Theorem 2.6 The relation DM+
Πu

≥st DM ≥st DM−
Πl

holds.

A limiting factor in computing the preorder and using it
to create bounding aggregates is the size of the state space.
Previous analysis and experiments have shown the order of
computation to be polynomial in the number of states [8], so
that computing the preorder on complete state spaces is lim-
ited by the state-space explosion. Thus, from an application
point of view, it is important to use the aggregation compo-
sitionally by first aggregating components and then combin-
ing the aggregated components with the environment. How-
ever, such an approach only works if the preorder relation is



preserved by the composition. For the rest of this paper, we
derive conditions under which our preorder is preserved. To
do so, we first introduce composition of Markov models.

3 Composition Operations

Composition of Markov models has been defined in dif-
ferent frameworks. We use here an approach which applies
Kronecker products and originates in the work on stochas-
tic automata networks [17] and asynchronous composition
of queuing networks [4]. For the presentation of compo-
sition we first present a small running example; then we
define Kronecker operations as the basis for composition
at the state level; and lastly we introduce the composition
of components and distinguish between asynchronous and
synchronous composition. We present composition here for
continuous time models, but it could as well be applied for
discrete time models [1, 18].

3.1 A Running Example

To illustrate the composition, we use a small, running
example. The example shown in Figure 1 is of a fault-
tolerant computing system that processes requests. There
are two parts to the system: a front-end request-processing
system (top of figure) and a fault-tolerant back-end (bottom
part of figure). The front-end processes requests accord-
ing to a Cox-2 distribution provided that the back-end is
operational, while requests arrive at the system with Cox-2
distributed inter-arrival times. If the back-end is not opera-
tional, no requests are processed by the front-end.

The back-end consists of two sets of units. The units fail
with a rate dependent on the queue length of the front-end,
and the back-end is considered operational so long as one of
each unit type is operational. The two units can be repaired
independently, but may also take part in a shared repair pro-
cess. The shared repair process repairs one of each unit, and
the rate of the shared process is a non-decreasing function of
the number of operational units. (A unit will participate in
the shared repair process even if it has no failed units.) We
use the example to demonstrate each type of composition,
and in Section 5 we solve the model using aggregation.

3.2 Kronecker Product and Sum

The composition of systems relies on the composi-
tion of Markov chains. The resulting structures are well-
established, and it is known that the generator matrix of the
composed model can be described as a sum of Kronecker
products of small component matrices, which is a useful
structure in proving compositional results and realizing al-
gorithms [17, 18, 4, 1].

L = Queue Length

λ2λ1

µ1 µ2

N

NonOperationalAOperationalA

N

OperationalB NonOperationalB

Synchronized Repair

Local Repair

Local Repair

a

1−a

b

1−b

capacity N

C2/C2/1/N

λ1(L)

λ2(L)

Figure 1. A fault-tolerant computing system
that processes requests and has multiple re-
dundant units that may fail.

The Kronecker product is represented by the symbol
⊗

,
and the Kronecker sum by the symbol

⊕
. The Kronecker

product and sum are functions of matrices, and are defined
as

A
⊗

B =




a1,1B . . . a1,nB
...

. . .
...

am,1B . . . am,nB




and
A

⊕
B = A

⊗
I + I

⊗
B

Since Kronecker products are associative, they can be
naturally extended to more than two matrices.

3.3 Composition of Components

We consider the composition of two components. This
operation can be repeated to compose more than two com-
ponents. Composition is performed over a set of transitions
K = {1, . . . , K}. Let λk (k ∈ K) be the basic transition
rate of transition k.

Definition 3.1 Component i is characterized by
(S(i), (Q(i)

0 ,P(i)
1 , . . . ,P(i)

K ),p(i)
0 , r(i)), where S(i) is

the state space of size n(i), Q(i)
0 (0 ≤ Q(i)

0 ) is the rate

matrix of local transitions, P(i)
k (0 ≤ P(i)

k , P(i)
k eT ≤ 1

and k ∈ K) are the weight matrices of synchronized



transitions (the probability that component i will offer the
synchronized transition to the environment), p(i)

0 is the
initial distribution, and r(i) is the reward vector.

The descriptor matrix of a model composed of compo-
nents 1 and 2 is given by

Q =
Q(1)

0

⊕
Q(2)

0 − D(1)
0

⊕
D(2)

0 +∑
k∈K λk(P(1)

k

⊗
P(2)

k − D(1)
k

⊗
D(2)

k )
(1)

where

D(j)
i =




diag(Q(j)
0 eT ) if i = 0

diag(P(j)
i eT ) if i > 0 .

(2)

The reward and initial distribution vectors are given by

r = r(1)  r(2) and p0 = p(1)
0 ⊗ p(2)

0 (3)

where  is a function that computes r(x · n(2) + y) =
f(r(1)(x), r(2)(y)) for some nondecreasing function f()
(i.e., a ≥ c ∧ b ≥ d ⇒ f(a, b) ≥ f(c, d)).

Consider the two components of the failure and re-
pair part in the running example (see Fig. 3), with
N = 1. Each component has two states. Qi =(

0 λi(L)
µi 0

)
and Pi =

(
p(1) 0
p(0) 0

)
, with shared re-

pair rate µr. The transition matrix for the composed model

is Q =




−q11 λ2(L) λ1(L) 0
µ2 + p(0)p(1)µr −q22 0 λ1(L)
µ1 + p(0)p(1)µr 0 −q33 λ2(L)

p(0)p(0)µr µ1 µ2 −q44


,

where qii ensures that Q has zero row-sums.
The descriptor matrix Q is defined on state space S(1) ×

S(2), which might be a superset of the set of reachable
states. However, this aspect is not relevant for the results
presented in this paper. For a practical realization of anal-
ysis algorithms, the established approaches for characteriz-
ing the subset of reachable states can be applied (see [5, 6]).

Define K(i) ⊆ K as the set containing all k ∈ K such
that P(i)

k is a stochastic matrix.
On a synchronized transition, both components change

state at the same time. Nevertheless, we can consider two
cases, namely the synchronous and the asynchronous case.
We consider a synchronized transition to be synchronous,
if it requires both components to be in particular states or
if there is a rate that depends on the state of both compo-
nents. If one component never needs to wait for the other
component to be in a particular state, we consider the syn-
chronized transition as asynchronous. We denote a compo-
sition as asynchronous, if all synchronized transitions are
asynchronous, otherwise the composition is synchronous.
This informal description is formally defined in the follow-
ing definition.

Definition 3.2 A composition is asynchronous, iff K(1) ∪
K(2) = K; otherwise it is synchronous. An asynchronous
composition is acyclic iff K(i) = K for i ∈ {1, 2}. An
asynchronous composition is proper if K(1) ∩K(2) = ∅.

For each synchronized transition of a proper asyn-
chronous composition, there exists one component that de-
termines the transition rate. The other component can only
accept the transition. For asynchronous composition we use
a slightly different notation to indicate the difference be-
tween components according to synchronized transitions.
Let U(i)

k = P(i)
k for k ∈ K(i) and Q(i)

k = λkP
(i)
k other-

wise and let Q̂(i) = Q(i)
0 − D(i)

0 − ∑K
k∈K(i) D(i)

k . Then Q
can be rewritten as

Q = Q̂(1)
⊕

Q̂(2) +
∑K

k∈K(1) Q(1)
k

⊗
U(2)

k

+
∑K

k∈K(2) U(1)
k

⊗
Q(2)

k .
(4)

For an acyclic composition, one of the sums is empty.
We assume here without loss of generality that the sec-
ond sum is empty in this case. We also define the matrix
Q̄(i) = Q̂(i)+

∑K
k∈K(i) Q(i)

k , which represents the behavior
of component i with no transitions from the other compo-
nent.

4 Preservation of Orderings by Composition

Reward-preserving preorders are extended to compo-
nents by extending the second condition in definition 2.5
to all matrices of a component, uniformized using the same
constant for all matrices in the continuous time models. The
interesting question is, under which conditions is a reward-
preserving preorder preserved by composition (i.e., is a con-
gruence for the composition)? If order is preserved by
composition, then a component can be replaced by some
stochastically larger or smaller aggregate, and the results
for the composed models will be stochastically larger or
smaller than the results of the original model. It is easy
to see that in general, the reward-preserving preorder is not
preserved by composition. Consider a model with one com-
ponent is an arrival process, and the other component is a
finite queuing system with a reward measure based on com-
pleted jobs and a penalty for lost jobs. As the arrival process
increases, the measure on the queuing system will increase
up to a point, and then will decrease as more jobs are lost.
Thus, some additional requirements are necessary that de-
pend on the particular type of composition. We first con-
sider acyclic compositions, then cyclic asynchronous com-
positions, and finally synchronous compositions. This se-
quence describes an increasing complexity of compositions
that results in stricter conditions for the congruence prop-
erty of the preorder.



4.1 Acyclic Composition

For an acyclic composition, we assume without loss of
generality that K(2) = K. The second component of an
acyclic composition in this situation is called an “input pro-
cess,” since it only receives inputs from the other compo-
nent, and does not send output to the other component. The
running example minus the arrival process is an input pro-
cess. A system with inputs, but without outputs, can be
aggregated according to its transition matrix Q̄(i) as shown
in [8]. It was shown that a system with inputs can be re-
placed with a smaller or larger aggregate to bound results
for a given arrival process.

The first common component of an acyclic composition
is called an output process, since its output transitions affect
the state of the other component, but it receives no inputs
from the other component. The arrival process to the queue
in our running example is an example of an output process.
Output processes often have no rewards, since they model
only the arrivals to some other process, but can be viewed as
having zero reward rate for each state. Typical examples are
Markov Arrival Processes (MAPs) or Burst Markov Arrival
Processes (BMAPs). However, our reward-preserving pre-
order in this case assures that starting in a larger state, the
departure rate after an arbitrary time will be larger or equal
to the departure rate at the same time after starting initially
in a smaller state.

To classify the behavior of input and output components
with respect to different environments, we use the following
definition.

Definition 4.1 A component i is input-increasing if
U(i)

k (x, y) > 0 implies y �∼ x for all k ∈ K(i). Simi-

larly, a component i is input-decreasing if U(i)
k (x, y) > 0

implies x �∼ y for all k ∈ K(i).

Input-increasing and -decreasing systems show some
form of a monotonicity property such that with an increas-
ing/decreasing arrival rate, the reward grows/shrinks. In
compositional analysis, such a behavior is important when
an output process that supplies arrivals to an input model is
replaced with larger or smaller aggregates, and bounds for
the component should be computed. Without such a mono-
tonic behavior, it would be unclear whether the reward value
increased or decreased under a larger or smaller aggregate
for the output process.

We now consider an acyclic system. The generator ma-
trix for the composed system was shown in Eq. (4). The
following theorem provides conditions under which bounds
on the complete model exist when one component in the
model is replaced with a larger or smaller aggregated ver-
sion, based upon the preservation of �∼ by matrix opera-
tions.

Theorem 4.1 If the composition of two components (1) and
(2) is as described above, then the following relations hold.

1. If component (2) is input-increasing (or input-
decreasing and component (1) has no rewards) and
(a+) is a larger aggregate for (1), then the composi-
tion of (a+) with (2) yields a system that is larger (or
smaller) than the original system.

2. If component (2) is input-increasing (or input-
decreasing and component (1) has no rewards) and
(a−) is a smaller aggregate for (1), then the compo-
sition of (a−) with (2) yields a system that is smaller
(or larger) than the original system.

3. If (a+) is a larger aggregate for (2), then the compo-
sition of (a+) with (1) yields a system that is larger
than the original system.

4. If (a−) is a smaller aggregate for (2), then the compo-
sition of (a−) with (1) yields a system that is smaller
than the original system.

Proof. Parts 3 and 4 follow from results in [8], since the
changes have no effect on the first component and are guar-
anteed to increase the second component, and the reward is
a nondecreasing function of the rewards of all the compo-
nents.

To prove part 1 of the theorem, we need to show that
the complete model with a larger aggregate for the first
component has states that are greater than the states of the
complete model with unaggregated components. First, we
show that if x1 �(1)∼ x2 and y1 �(2)∼ y2, then (x1, y1) �∼
(x2, y2).

Define the preorder �∗ such that if x1 �(1)
∼ x2 and

y1 �(2)∼ y2, then (x1, y1) �∗ (x2, y2). We show that the
preorder �∗ is reward-preserving. Consider arbitrary states
(x1, y1), (x2, y2) such that x1 �(1)

∼ x2 and y1 �(2)
∼ y2.

r(x1, y1) ≥ r(x2, y2), since the rewards are combined in
a nondecreasing fashion.

Next, we must show that P((x1, y1)•) �∗ P((x2, y2)•).
For simplicity, call the vector P((x1, y1)•), a, the vectors
P(1)

k (x1•), bk, and the vectors P(2)(y1•), Uk(x•), ck. By
assumption, there are decompositions φxk and φyk such

that for all w1 ∈ S(1):
∑

z�w1
b(1)

kw1
(z) ≥ P(1)

k (x2, w1),1

and w2 ∈ S(2):
∑

z�w2
c(2)

kw2
(z) ≥ P(2)

k (y1, w2). We
construct a decomposition φ of P(x1, y1) from φxk and
φyk, and need to show that for all (w1, w2) ∈ S :∑

(z1,z2)�∗(w1,w2)
aw1,w2(z1, z2) ≥ P((x2, y2), (w1, w2)).

aw1,w2 = b0w1 ⊗ ey1 + ex1 ⊗ c0w2 +
∑
k>0

bkw1 ⊗ ckw2

1The decomposition is computed and tested for P(1) =
P

P
(1)
i in-

stead of P
(1)
0 .



We consider three cases. The first case is w = x2,
indicating a local transition in the second component. In
that case, the first and last terms in the decomposition
will be zero. The remaining term is based on the de-
composition of the local transitions for the second mod-
ule, which was reward-preserving. That combined with the
fact that the first component does not change states, implies
that (w1, w2) ∈ S :

∑
(z1,z2)�∗(w1,w2) aw1,w2(z1, z2) ≥

P((x2, y2), (w1, w2)).
The second case is w �= x2, z �= y2, indicating an out-

put event from the first component. In that case, the first and
second term of the decomposition will be zero. The remain-
ing term is based on the decompositions of the output transi-
tions of the first model, and the decompositions of the input
events of the second. Since both sets of decompositions
are reward-preserving decompositions, (w1, w2) ∈ S :∑

(z1,z2)�∗(w1,w2)
aw1,w2(z1, z2) ≥ P((x2, y2), (w1, w2)).

The third case is z = y2, indicating a local event in the
first component. Therefore, the second component in the
decomposition will be zero. However, the third component
need not be zero. That is, the decomposition may use an
output event. However, the summation of all the decom-
positions is reward-preserving on the first component, and
the second model is output-increasing, so any output event
will leave it in a �(2)

∼ state. Therefore, (w1, w2) ∈ S :∑
(z1,z2)�∗(w1,w2)

aw1,w2(z1, z2) ≥ P((x2, y2), (w1, w2)),
P((x1, y1)•) �∗ P((x2, y2)•), �∗ is a reward-preserving
preorder, and is therefore a subset of �∼.

Given that if x1 �(1)
∼ x2 and y1 �(2)

∼ y2, then
(x1, y1) �∼ (x2, y2), it becomes trivial to prove part 1
of the theorem. State (x, y) in the unaggregated com-
plete model will be mapped to state (map(x), y) when the
first component is aggregated. But map(x) �(1)

∼ x, and
y �(2)∼ y, so therefore (map(x), y) �∼ (x, y) for all states
x, y.

If component (2) is input-decreasing, the analysis is sim-
ilar, except that more arrivals lead to lesser states in the sec-
ond component. Therefore, a larger aggregate for compo-
nent (1) will decrease the reward of the second component.
If there are no rewards on the first model, then the com-
posed system will also be smaller. The input-decreasing
case is not the dual of the input-increasing case because of
the reward structure of the model. Rewards may be defined
on the first model, and a larger aggregate will result in a
large reward on the first component, but a smaller reward on
the second component. The non-decreasing combination of
those rewards may be larger or smaller.

The second part of the theorem is just the reverse of the
first part, and can be proved with a similar argument.

Of course, the different ways to build bounding aggre-
gates can be combined. For example, the input process
could be replaced with some smaller or larger aggregate

2

1 µ2

Original Model Bounding Models

µ+∴µ−
λ+∴λ−

2λ1

a
1−a

b
1−b

λ

λ2λ1

a
1−a

b
1−b

µ1 µ

µ

M/M/1

capacity N ′

States: 1 . . .N ′ or N − N ′ . . . N

C2/C2/1/N ′

C2/C2/1/N capacity N

capacity N

Figure 2. C2/C2/1/N model and possible ag-
gregates.

according to part 3 or 4 of Theorem 4.1, and afterwards a
larger or smaller aggregate for component (2) could be used
to build a second aggregated model that bounds the results
of the first one.

If we momentarily focus just on the arrival process and
server in the running example, we note that the service pro-
cess is an input-increasing input process with regards to the
measure queue length, since arrivals immediately increase
the queue length. This simplified model is shown in Fig-
ure 2. We can aggregate the input process by bounding the
number of customers in the queue, or using an exponential
service rate greater than either phase in the Cox-2 service
process to create a lower bound on the number of customers
in the queue. Similarly, we could create upper bounds on
the number of customers in the queue. Additionally, we
can create upper and lower bounds on the arrival process
by aggregating the two state Cox-2 arrival process with a
bounding, 1-state Poisson arrival process. These bounds are
demonstrated in Figure 2.

4.2 Cyclic Asynchronous Composition

A cyclic composition can be created from two models
that are both simultaneously input and output models. We
can create a chain of such models by connecting inputs and
outputs appropriately. The cyclic case is merely a sim-
ple extension of the acyclic case, and all models may be
compared pairwise to determine the net effect. We analyze
the three possible combinations of two components that are
input-increasing or input-decreasing. Therefore, consider
two input and output models A and B, such that the output
of A goes to B, and the output of B goes to A.

If A and B are both input-increasing, replacing A with a
larger aggregate will lead to a larger global model, as A will
experience greater states locally and will have increased de-
partures to B. The increase in arrivals to B will result in
greater states in B, and the greater states in B will increase



the departures back to A, further improving the state of A.
The models will behave similarly if a smaller aggregate is
used.

If one component (A) is input-increasing and the other
(B) is input-decreasing, no bounding results can be ensured.
Replacing A with a larger aggregate will lead to greater lo-
cal states and more departures. However, more departures
will lead to lesser local states in B, and therefore fewer de-
partures from B. A will receive fewer arrivals, and thus
have lesser local states. This negative feedback makes it
impossible for us to guarantee any bounds at this level of
analysis. Similar behavior will also be observed if A is re-
placed with a smaller aggregate, or if B is replaced with a
larger or smaller aggregate.

If both models are input-decreasing, the behavior is
slightly more complicated, and no global ordering results
on the states can be assured. However, if both compo-
nents are input-decreasing, and component A is replaced
with a larger aggregate, the states of component A will be
increased, leading to more arrivals to component B. The
increase in arrivals to B will lead to lesser local states in
B, and fewer departures to component A. However, the
decrease in arrivals to A will further improve its local be-
havior. Therefore, component A will always be in greater
states than it would have been, and component B will be
in lesser states. Therefore, the behavior will lead to bounds
for rewards defined on one component, but not for global
rewards that are defined as a function of both components.

4.3 Synchronous Composition

We now consider the case of synchronous composition
of two components, where the two components synchro-
nize on some transitions. The failure and repair processes
in the running example demonstrate synchronous composi-
tion. As shown in Figure 3, the components fail and get
repaired independently, but can synchronize to do a shared
repair.

In the asynchronous case, we defined the term input-
increasing for components that go to greater states upon
receiving inputs. Analogously, since each component
is affected by a synchronization, we define the term
synchronization-increasing to describe a component that in-
creases on a synchronization (goes to a �∼ state), and the
term synchronization-decreasing to describe a component
that decreases on a synchronization. Since the reward-
preserving decomposition is computed with respect to each
synchronization matrix, a greater state will lead to the en-
abling of more synchronizations than a lesser state would.
In the following theorem we use the notation �(i)

∼ for the
coarsest reward-preserving preorder for component i that
can be computed with the stepwise refinement algorithm
proposed in [8]. Similarly, �12

∼ denotes the coarsest reward-

NonOperationalB

N

OperationalB

N

OperationalA

Local Repair

Local Repair

Synchronized Repair

Synchronized Repair

NonOperationalA

Figure 3. Model of a dependable system, with
two subsystems and a synchronized, shared
repair process.

preserving preorder for the composed model.

Theorem 4.2 If �(1)∼ has been computed for component
(1), �(2)

∼ has been computed for component (2), �(12)
∼ has

been computed with respect to the complete system Q =
Q(1)

0

⊕
Q(2)

0 − D(1)
0

⊕
D(2)

0 +
∑K

k=1 λk(P(1)
k

⊗
P(2)

k −
D(1)

k

⊗
D(2)

k ), and both components are synchronization-
increasing, then x1 �(1)

∼ y1 ∧x2 �(2)
∼ y2 ⇒ (x1, x2) �(12)

∼
(y1, y2).

Proof. The complete proof is omitted here and can be
found in [8]. The proof is inductive using the stepwise re-
finement to compute �∼ from some initial partition.

Theorem 4.3 If Q = Q(1)
0

⊕
Q(2)

0 − D(1)
0

⊕
D(2)

0 +∑K
k=1 λk(P(1)

k

⊗
P(2)

k − D(1)
k

⊗
D(2)

k ) and both compo-
nents are synchronization-increasing, if either component
is replaced with a larger (smaller) aggregate, then the com-
posed model will be larger (smaller).

Proof. This follows from Theorem 4.2. If we replace
component (1) with a larger aggregate, each state (x, y) of
the unaggregated model will map to (map(x), y) of the ag-
gregated model. Since it is a larger aggregate, map(x) �(1)

∼
x, and it clearly follows that y �(2)

∼ y. Therefore, by Theo-
rem 4.2, (map(x), y) �∼ (x, y).

We note that in our small example, the two compo-
nents are both synchronization-increasing with respect to



the number of functional units. The state space of each
component can be represented by the number of operational
units, and each component has a total order on its state space
with regard to the number of operational units. As more
units are operational, the component is more likely to par-
ticipate in a synchronization, and the synchronization leads
to more operational parts (or to the same number if all are
already operational).

Since the components are synchronization-increasing,
we can replace either component with a larger aggregate
to create a larger aggregate for the entire system. A
larger aggregate can be created by combining the states
(0), (1), ..., (n) and replacing them with a projection of
state (n) on the aggregated system. Similarly, a smaller
aggregate can be created by combining the states (n), (n +
1), ..., (N) and replacing them with the projection of state
(n) on the aggregated state space.

A special case occurs when one of the synchronizing
transition matrices has fixed row sums. In that case, the
component with the fixed row sum has no effect on the other
component through that synchronization, since the compo-
nent will always provide the same opportunity for synchro-
nization regardless of its state. Therefore, it does not matter
if the other component is synchronization-increasing or de-
creasing in that synchronization. This corresponds to the
case of the input model in the asynchronous case. It has
fixed row sums of 1 in its synchronization matrix, and has
no effect on the output model.

5 Numerical Example

We introduced a running example in Section 3.3.1 to
demonstrate composition and the conditions under which
composition preserves bounding aggregation.

For illustrative purposes, we assign values to the model’s
parameters, solve it, and solve bounding aggregates for the
example model. Table 1 shows the set of parameters that we
use for the example model. The model has 35,280 states,
and solving the model shows that it has an average queue
length of 2.03. We can easily solve the example model on
a personal workstation. However, since the model is for il-
lustrative purposes, we apply a number of aggregations (as
described throughout the paper) to the model in order to
solve smaller, aggregated versions of the model. We con-
struct one upper-bounding model and one lower-bounding
model. In practice, the techniques could be applied to much
larger, compositionally defined models that otherwise either
could not be solved, or would require too much time or other
resources to solve efficiently.

The upper-bounding model has exponential arrivals and
departures from the front-end request-processing system,
using an upper bound for the arrival rate (110) and a lower
bound for the departure rate (150). Additionally, we ag-

Parameter Value
λ1 200
λ2 110
a 0.5
µ1 300
µ2 160
b 0.5
Buffer Size 20
N 20
λ1(L) 1.0 + 0.5 ∗ L
λ2(L) 1.0 + 0.5 ∗ L
Repair Rate 1 10
Repair Rate 2 10

Synchronized Repair Rate
0.1 ∗ OperationalA+
0.1 ∗ OperationalB

Table 1. Parameters for the Running Example

gregate the back-end by limiting the number of operational
units for each unit type to 10, by assuming that 10 of the
units are always in the failed state. Applying these aggre-
gations results in an aggregated model with 2,541 states, or
almost 14 times fewer states. Solving the aggregated model
gives an average queue length of 2.19.

The lower-bounding model also has exponential arrivals
and departures for the front-end queuing system, but uses a
lower bound for the arrival rate (100) and an upper bound
for the departure rate (160). Additionally, one of the two
components is adjusted to ensure that it always has at least
10 operational units, and the queue buffer is limited to 10
items. Applying these aggregations to the model results in
an aggregated model with 2,541 states. Solving the aggre-
gated model gives an average queue length of 1.87.

The upper and lower bounds each have an error of less
than 8% and provide strict bounds on the actual queue
length. Of course the measured error depends on the param-
eters used in the example. Different parameters could lead
to larger or smaller errors. The example model exhibits near
lumpability and has low probability states that are relatively
unimportant, and we expect the aggregation techniques to
be particularly useful for models with these properties.

6 Conclusions

In this paper we consider the preservation of a reward-
preserving preorder under composition. For different kinds
of composition, it has been shown that the preorder is pre-
served under certain restrictions. These restrictions become
more strict if the complexity of the composition increases.
That is, they are stricter for cyclic than for acyclic composi-
tion and they are more strict for synchronous than for asyn-



chronous composition. Although we presented the results
here for the different compositions in isolation, we also note
that all three types of composition and aggregation can be
used together as in the running example. The aggregation
based on the asynchronous composition in the server pro-
cess, as well as the synchronous composition of the compo-
nent failure models, can be used to create bounding aggre-
gates that are then composed together using the functional
Kronecker composition. Each type of composition and ag-
gregation can be applied hierarchically to create aggregates
for the components, which can then composed together to
create an aggregate for the complete composed model.

The preservation of the preorder allows one to use
bounded aggregation for huge models, in which the com-
ponents are still manageable. Of course, more experience is
necessary to know for which classes of models the approach
results in smaller aggregates that yield tight bounds. The
major point now is the realization of efficient algorithms
to compute the preorder and to generate bounding aggre-
gates. First approaches are available in [8]. There does not
seem to be many additional cases, beyond those proposed
in this paper, in which composition preserves the preorder,
since without the use of some sort of monotonicity prop-
erty, counter-examples can be found where the pre-order is
not preserved.
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