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ABSTRACT

This paper discusses technical aspects related to adaptive uniformization [1]. We give the
derivation of the schemes that we have used to compute the jump probabilities. We also give
some more detailed results about the complexity of adaptive uniformization. This paper is
not self contained, but is a supplement to [1].
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Figure 1: The CTMC of an AU-jump process.

I Introduction
Adaptive uniformization (AU) is a generalization of standard uniformization (SU), and
leads to the following expression for the transient state probability vector  (t)
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The computation of Un(t) is done with the acyclic Markov chain evaluator (ACE) method
[3]. For the case of AU with converged rate this scheme is modi ed in [1]. In Section II
we will give the formal derivation of this modi ed ACE schemes. In [1] also is reported
about the computational complexity of computing (1). In Section III we will give some
more details about how the computational results have been derived and about system
characteristics that in uence the complexity of AU and SU.

II Modi ed ACE schemes
The problem for which we have used the ACE scheme is the computation of the probability of exactly n jumps in the so-called AU-jump process, which is a pure birth process,
with possibly non-identical rates. Let the pure birth process B = fB (t); t  0g be de ned
over the state space S = f0; 1; 2; :::g with intensities n,1 for the n-th jump, n = 1; 2; 3; :::.
See Figure 1 for the corresponding continuous time Markov chain (CTMC). Un (t) is now
expressed as Un (t) = PrfB (t) = ng. Let J (n) be the number of di erent values in the
set f0; 1; :::; ng and let j ; j = 1; :::; J (n), be the di erent parameter values. Further
Kj (n) + 1 is de ned as the number of parameters in f0; 1; :::; ng which equal j at epoch
n. Finally, jn is the value of j such that jn = n.
Example. To illustrate the meaning of these parameters we give them for an example
of a machine repairman model with three components (see [1]). The CTMC of the AU-jump
process is depicted in Figure 2 and the corresponding parameter values are given in Table
1.
Before we derive the ACE schemes, we present the following result, which will be used
throughout the paper.
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Figure 2: The CTMC of the AU-jump process for the machine repairman model with three
components.
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Table 1: Illustration of the meaning of the parameters used in the ACE scheme for a machine
repairman model with three components.

Proposition 1 Integral expression.
Z t s k (, )k+1
l
Xk
e s k! ds = 1 , e t (,l! t) ; k  0; 2 <:
0
l=0

Derivation. For k = 0 (1) follows directly. For k  1, integration by parts gives
Z t s k (, )k+1
Zt
k
k
e s k! ds = , (,k! ) e t tk + e ssk,1 ((k,, )1)! ds = :::
0
0
Zt
l
l
Xk
Xk
::: = , (, ) e ttl + , e sds = 1 , e t (, t) :
l=1

l!

0

l=0
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Note that for < 0 formula (4) is the Erlang probability distribution function with k + 1
phases.
We divide this section in Section A on ACE for a generic birth process, Section B on
ACE for AU with converged rate (C-ACE) and Section C on ACE for a converged AU
process with all non-converged rates di erent (CD-ACE). In Table 2 we give the di erent
ACE schemes that are of interest for the particular birth processes we consider for AU.
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Technique Converged rate
ACE
C-ACE
CD-ACE

Di erent rates
in non-converged part
Free
Free
Yes

Free
Yes
Yes

Table 2: ACE schemes.

A ACE for a generic birth process

For a class of so-called right-shifted systems of di erential equations, Severo [2] has
derived a generic solution scheme. For a system that represents an acyclic Markov chain,
Marie et al. [3] have derived the ACE scheme, which essentially is a special case of the
solution method of Severo. For the case of a birth process, [1] gives the appropriate ACE
scheme, which in turn is a special case of the ACE scheme of Marie et al. Since the way of
presentation and the used notation in [3] di ers from [1], and since the proof is constructive
on itself, we repeat a proof for the generic ACE scheme in Proposition 2. The ACE scheme
can also be found in [4] with a notation similar to the one we use here.

Proposition 2 Generic ACE. Un(t) can be computed by the following ACE scheme:
Un(t) =

X X a(n)e, j ttk;

J (n) Kj (n)

j;k

j =1 k=0

with for n = 0

for n  0 and t  0,

a(0)
1; 0 = 1;

while for n = 1; 2; ::: the following recursive relations hold for the coecients a(j;kn) :

(5)
(6)

n)
(n,1) n,1
a(j;K
when j 6= jn ;
(7)
j (n) = ,aj;Kj (n) ( ,  ) ;
j
n
a(j;kn) = ( k ,+ 1 ) a(j;kn)+1 , ( ,n,1 ) a(j;kn,1); when j 6= jn , for k = 0; 1; :::; Kj(n) , 1; (8)
j
n
j
n
a(jnn);k = nk,1 a(jnn ,;k1),1; for k = 1; :::; Kjn(n);
(9)

and

a(jnn);0 = ,

X

J (n)

j =1jj 6=jn

a(j;n0):

(10)

The values of J (n) and Kj (n) are as de ned earlier in this section, and possibly non-de ned
terms are assumed to be equal to 0.

Derivation. First, for n = 0 we have 1 = 0, J (0) = 1, K1(0) + 1 = 1 and thus
U0(t) =

X X a(0)e, j ttk = a(0)e, j t = e, 1 t:

J (0) Kj (0)
j =1 k=0

1;0

j;k
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(11)

By induction we show that expression (5) holds for all n = 1; 2; :::. Then we show that if
we have the coecients on epoch n , 1, the coecients for epoch n obey the given recursive
relations.
From Kolmogorov's forward equation we see that

Un(t) =
Assume that

Un,1(t) =

0

Un,1 (s)n,1e,n(t,s)ds:

X X

J (n,1) Kj (n,1)

then it follows from (12) that
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For n 6= j we have, by Proposition 1 for = ,( j , n) (note that Proposition 1 holds
both when ( j , n) is positive and negative)
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When there exists no jn  J (n , 1) such that jn = n, it should hold that J (n) =
J (n , 1) + 1; Kj (n) = Kj (n , 1) for all j = 1; 2; :::; J (n , 1); and Kjn (n) + 1 = 1 (we de ne
in this case Kjn (n , 1) = ,1). A new term for j = J (n); k = 0 and e,n t appears in (18).
If there exists a jn  J (n , 1) such that jn = n, it should hold that J (n) = J (n , 1);
Kj (n) = Kj (n , 1) for all j =
6 jn;; and Kjn (n) = Kjn (n , 1) + 1. In (16) a new term for
j = jn; k = Kjn (n) with e,n ttKjn (n) is then introduced. Therefore, the number of terms, i.e.
the values of J (n) and Kj (n) for j = 1; 2; :::; J (n), in the expression for Un(t) are according
to the proposition. So, when for n = 1; 2; :::, the formula (5) for Un,1(t) holds, it does for
Un (t). That for n = 0, U0(t) obeys (5) completes the induction argument. We now show

e,nt

e,( j ,n )ssk ds = e,n t

that the coecients obey the given recursive relations.
Combining (16) and (18) the following expression for Un (t) is formed from (15)
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X
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From (19) it follows that, for k = 1; 2; :::; Kjn(n),

a(j;kn) = a(j;n(,k,1)1) nk,1 :

(22)

Note that Kjn (n) = Kjn (n , 1)+1. From (21), observing that in (21) there is a term e, j t tk
whenever l sums at least to k , i.e. there is a new term for k = k ; k + 1; :::; Kj(n , 1),
0  k  Kj (n , 1). So, for j 6= jn

a(n) = ,
j;k

X

Kj (n,1)
r=k

( j , n)k :
r!
n,1
( j , n)r+1 k!

a(n,1)
j;r
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Note that Kj (n) = Kj (n , 1) for j 6= jn . Now, when l = Kj (n) we take r = k = Kj (n) in
(23), leading to
n,1
n)
(n)
(24)
a(j;K
j (n) = ,aj;Kj (n) ( ,  ) ;
j

and, for k = 0; 1; :::; Kj(n) , 1; j 6= jn, to

n

a(j;kn) = ,a(j;kn,1) ( ,n,1 ) + a(j;kn)+1 ( k ,+ 1 ) :
(25)
j
n
j
n
Note particulary the varying index n and n , 1 in de coecients in this deduction. Finally,
by taking k = 0 in (23) we obtain from (20)
a(jnn );0 = ,

X

J (n,1)
j =1jj 6=jn

a(j;n0):

(26)

Now (22), (24), (25) and (26) equal (9), (7), (8) and (10) respectively, so the recursive
relations for the coecients obey Proposition 2.
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Conclusion. The ACE scheme can be used to compute the probabilities Un(t) in
AU. ACE has order complexity O(N 2), N being the number of jumps in the AU process.
An important aspect is the numerical stability of the ACE scheme, which we however do
not address in this report. According to [4] ACE can only be used for birth processes with
until 30 di erent paramater values. For AU in its most generic form this can form a serieus
drawback.
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Figure 3: The CTMC for an AU-jump process with converged rate.

B C-ACE for AU with converged rate

In this subsection we derive the scheme for AU with converged rate. In Figure 3 a
corresponding birth process, or AU-jump process, is depicted. So, from some epoch m  1
on the uniformization rate remains . We rst give a recursive relation for the hypoexponential density in Proposition 3. This we use in Proposition 4 to derive an expression
for Un (t) with n = m + l, for values l  0. A recursive scheme for the computation of
Um+l (t) is then provided in Proposition 5 and 6.
Proposition 3 Hypo-exponential distribution. The density fH(n)(t); t  0 for a hypoexponential random variable with n  1 phases, is given by

f (n)(t) =

X X b(n)e, j ttk ;

J , (n) Kj (n)

H

j =1 k=0

(27)

j;k

with parameters as in Section A, except that J , (n) now denotes the number of di erent
parameter values in the set f0; 1; :::; n,1g.

Derivation.
De ne FH(n) (t) to be the hypo-exponential distribution with n phases, so
(n)
(n)

dFH (t)=dt = fH (t). Now, if we take n = 0, it follows from the de nition of Un (t) and
Proposition 2, for n = 1; 2; :::, that
F (n) (t) =
H

Then we have for fH(n) (t)
(n)

fH(n)(t) = FHdt(t) =

X X a(n)e, j ttk:

J (n) Kj (n)
j =1 k=0

X X a(n)(,

J (n) Kj (n)
j =1 k=0

j;k

(28)

j;k

, tk
j )e j t +

X X a(n)ke, j ttk,1:

J (n) Kj (n)
j =1 k=1

j;k

(29)

Now we can take, depending on the value of k, the following expressions for the coecients
b(j;kn) of (27)
b(j;n0) = ,a(j;n0) j ;
(30)
b(j;kn) = ,a(j;kn) j + a(j;kn)+1(k + 1); for k = 1; 2; :::; Kj(n) , 1;
(31)
n)
(n)
b(j;K
(32)
j (n) = ,aj;k j :
Notice that we have assumed n = 0, and thus b(jnn );0 = ,a(jnn );0 n = 0, which justi es the
parameter J , (n) in (27).
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The preceding deduction does not construct the recursive scheme to compute the coecients
b(j;kn) of (3), but only shows that they exist. A constructive approach, similar to the derivation
of the coecients in Proposition 2, is possible too.

Proposition 4 Expression for Um+l (t). Let the hypo-exponential density with m phases

be given by the expression (27). For AU with converged rate  after m jumps, Um+l (t) is
given, for l = 0; 1; 2; ::, by

Um+l (t) =
+

X X b(m) (,1)r

Kj (m) k

k=0 r=0

(33)

k!
l
(r + l)! , j t k,r
(k , r)!r! ( , j )r+l+1 l! e t

(34)

j;k

X X X b(m)(,1)r

J , (m) Kj (m) k

j =1jj 6=j k=0 r=0

k!
l
,t k+l+1
(k , r)!r! l!(r + l + 1) e t

j;k

r+l ( , )v tv
k!
l
(r + l)! e,t tk,r X
j
; (35)
j;k
r
+
l
+1
(
k
,
r
)!
r
!
(

,
)
l
!
v
!
j
v=0
j =1jj 6=j k=0 r=0
with j denoting the value of j for which j = .

,

X X X b(m)(,1)r

J , (m) Kj (m) k

Derivation. We use that the birth process is constructed out of two parts; the rst m

jumps are such that the probability of having m jumps before time t is hypo-exponentially
distributed, the last l jumps behave as a Poisson process, when looked upon seperately.
Therefore we get
Z t (m)
l
(
s
)
(36)
Um+l (t) = fH (t , s) l! e,s ds
0
Z t J ,X(m) KX
l
j (m)
(37)
=
b(j;km)e, j (t,s)(t , s)k (sl! ) e,s ds:
0 j =1 k=0

Using (t , s)k =

Pkr=0

Um+l (t) =

r
k! k,r
r!(k,r)! t (,s)

we obtain

k! e, j ttk,r Z t sr+l e,(, j )sds:
l! (k , r)!r!
0

X X X b(m)(,1)r l

J , (m) Kj (m) k

j =1 k=0 r=0

j;k

(38)

We now use Proposition 1 with = ,( , j ), and divide (38) in terms for j such that
 = j and  6= j . Note that it is possible that  also is one of the rates in the rst m
non-converged jumps.

Um+l (t) =
+

X X b(m) (,1)r

Kj (m) k

k=0 r=0

j;k

X X X b(m)(,1)r

J , (m) Kj (m) k

j =1jj 6=j k=0 r=0

j;k

k! l e,t tk,r tr+l+1
(k , r)!r! l!
(r + l + 1)

(39)

k! l (r + l)! e, j ttk,r
(k , r)!r! l! ( , j )r+l+1

(40)
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,

X X X b(m)(,1)r

J , (m) Kj (m) k

j =1jj 6=j k=0 r=0

j;k

r+l ( , )v tv
k!
l
(r + l)! e,t tk,r X
j
: (41)
(k , r)!r! ( , j )r+l+1 l!
v
!
v=0

From (39), (40) and (41), the equations (33), (34) and (35) in the proposition directly follow.

2

Proposition 5 Alternative expression for Um+l (t). De ne, with j; k; r; l 2 @; and
; t 2 <,
k!
l
(r + l)! e,t tk,r ;
 ) (l) = b(m) (,1)r
(42)
A(j;k;r;t
j;k
r
+
l
+1
(k , r)!r! ( , j )
l!
l
(43)
Bk;r;t(l) = b(jm;k) (,1)r (k ,kr! )!r! l!(r +l + 1) e,ttk+l+1 ;
Cj;r;t(l) =
Then Um+l (t) can be expressed as

Um+l (t) =

r+l ( ,
X
v=0

v
j ) tv :

X X X[A( j )

J , (m) Kj (m) k

j =1jj 6=j k=0 r=0

(44)

v!

()
j;k;r;t(l) , Aj;k;r;t(l)Cj;r;t(l)] +

X XB

Kj (m) k

k=0 r=0

k;r;t (l):

(45)

Derivation. By inspection of (33), (34) and (35).
2

Proposition 6 Recursive scheme C-ACE. De ne, with j; r; l 2 @; t 2 <,
r+l
Dj;r;t(l) = ((r,+ jl))! tr+l :

(46)

Then the A; B and C -terms, with appropriate indices, from Proposition 5 can be computed
recursively in the parameter l as follows
(r + l) ;
 ) (l) = A( ) (l , 1) 
(47)
A(j;k;r;t
j;k;r;t
( , j ) l

with

Bk;r;t(l) = Bk;r;t(l , 1) l (r(+r +l +l)1) t;

(48)

Cj;r;t(l) = Cj;r;t(l , 1) + Dj;r;t(l);

(49)

Dj;r;t(l) = Dj;r;t(l , 1) (r,+ lj ) t:

(50)

Derivation. By inspection of (42), (43), (44) and (46).
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Conclusion. When the adaptive uniformization rate in AU converges to some value

 from epoch m  1 on, the computation of Um+l (t) can be done by the C-ACE scheme
which is recursive in l. Therefore, the computation of Um+l (t); l = 1; 2; :::, will ask for a
constant number of computations, independent of the actual value of l, given that Um+l,1 (t)
has been computed by the C-ACE scheme also. So, C-ACE has order of complexity O(N ),
N being the number of jumps that has to be carried out in AU. Also of interest is the
numerical stability of this C-ACE algorithm. The conclusion in [4] that for 30 di erent
parameter values the ACE scheme does not su er from numerical inadeqacies probably can
be extrapolated to the C-ACE scheme.

C CD-ACE for AU with converged rate and all non-converged rates different
In this section we look at an AU-jump process in which the rate remains equal to  after
m  1 epochs, and in which all the non-converged rates i; i = 0; 1; :::; m , 1; are di erent.

The resulting recursive CD-ACE scheme for these birth processes is even simpler than the
preceding C-ACE scheme. Furthermore, it is possible to use a closed-form expression for
the hypo-exponential density function when all phases have di erent parameter values.
We rst derive the CD-ACE scheme, and then give the closed-form expression for the
hypo-exponential distribution with all phases having di erent parameters.

Proposition 7 CD-ACE scheme. De ne, with b(jm) instead of b(j;m0) in (27),
l
A(j;t) (l) = b(jm) ( , )l+1 e,t

(51)

l
Bt (l) = b(jm ) (l + 1)! e,t tl

(52)

j

Cj;t(l) =

Xl ( ,

s
j ) ts :

(53)
s!
Then the following expression exists for Um+l (t); l = 0; 1; :::; when all non-converged rates
are di erent and not equal to the converged rate 

Um+l (t) =
Moreover, de ne

m
X

j =1jj 6=j

s=0

[A(j;tj ) (l) , A(j;t) (l)Cj;t(l)] + Bt (l):

(54)

l
Dj;t(l) = ( ,l! j ) tl ;

(55)

A(j;t) (l) = ( , ) A(j )(l , 1);
j

(56)

then the following recursive relations exist
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t B (l , 1);
Bt(l) = (l +
1) t

(57)

Cj;t(l) = Cj;t(l , 1) + Dj;t(l);
(58)
Dj;t(l) = ( ,l j ) Dj;t(l , 1):
(59)
Derivation. The fact that all rates i are di erent for i = 0; 1; :::; m , 1, implies that
all j ; j = 1; 2; :::; m are di erent. Moreover, by the way we have de ned the parameters
j , we have j = j ,1; j = 1; 2; :::; m. When all rates are di erent, we get that Kj (m) is
equal to 0 for all j . So, the summation over k, and consequently over r, disappears out
of Equation (45) for Um+l (t). For the A; B and C -terms in (42), (43) and (44) r = k = 0

has to be lled in, thus leading to the expressions (51), (52), (53) and (54). The recursive
relations (56), (57) and (58) can be found by inspection of (51), (52) and (53).

2

Proposition 8 Closed form expression. When the uniformization rate i; i = 0; 1; :::; m,
1; are all di erent, the following closed-form solution for Un(t) with n = 0; 1; :::; m , 1 exists
Un(t) =

X a(n)e, j t;

n+1
j =1

(60)

j

with coecients a(0)
1 = 1, and for n = 1; 2; :::; m , 1,
n
a(jn) = n+1i=1( i, ) :
j
i=1ji6=j i

(61)

Derivation. For n = 0 we have a(0)
1 = 1, and (60) follows immediately. For the correctness
for n  1, we rst notice that Un(t) = FH(n) (t) , FH(n+1) (t), when FH(n) (t) is the n-phase hypo-

exponential distribution function. We use that a hypo-exponential random variable with
n phases and all parameter values di erent has a closed-form density function fH(n) (t) as
follows [5, p.580].
Xn
fH(n)(t) = b(jn)e, j t ;
(62)
j =1

with

Qn

b(n) =
j

De ne

(n)
j

Z X

i

i=1ji6=j ( i , j )

c(jn) = bj =

then we have for FH(n) (t)

Qni=1
Yn

:

(63)

i

;
i=1ji6=j ( i , j )

X

(64)

X

n b(n)
n
t n (n)
(
n
)
j (1 , e, j t) =
,
s
j
bj e ds =
c(jn)(1 , e, j t):
FH (t) =
0 j =1
j =1 j
j =1
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(65)

Because FH(n) (t) is a distribution function the limit for t ! 1 equals 1, and thus we have
that for all n  1
Xn c(n) = 1;
(66)
j
j =1

and thus that

FH(n) (t) = 1 ,

Using

c(jn+1) , c(jn) =
=

and

Yn

(67)

Yn

(68)

j

j =1

Y

n+1

i

i
,
(
,
)
(
,
j
j)
i=1ji6=j i
i=1ji6=j i

ni=1 i
n+1
(n)
(
,
1)
=
n+1 ( , ) = aj ;
(
,
)
(
,
)

i
j
n
+1
j
j
i=1ji6=j i
i=1ji=
6 j

c(nn+1+1) =

we nally get that

i

Y

n+1

(69)

ni=1 i
=
= a(nn+1) ;
n
+1
(
,
)

(
,
)
j
j
i=1ji6=n+1 i
i=1ji6=n+1 i
i

Un(t) = FH(n) (t) , FH(n+1)(t) = 1 ,
=

Xn c(n)e, j t:

(70)

Xn c(n)e, j t , (1 , nX+1 c(n+1)e, j t)
j

j =1

j =1

j

(71)

Xn (c(n+1) , c(n))e, j t + c(n+1)e, n+1 t = Xn a(n)e, j t + a(n) e, n+1 t = nX+1 a(n)e, j t: (72)
j =1

j

j

n+1

j =1

j

n+1

j =1

j

2

Conclusion. We have derived a recursive scheme, called CD-ACE, for the computation
of the jump probabilities Um+l (t); l = 0; 1; :::; when the rate in the AU process converges
after m jumps, and all non-converged rates are di erent. The complexity of the scheme
is O(N ), N being the number of jumps, and is thus equal to the complexity of C-ACE.
However, per iteration only a small amount of computations has to be carried out, so the
"constant" of the scheme is smaller. Furthermore, one can use the derived closed-form
expression to compute Un (t) for n < m.

III Complexity aspects of AU
In [1] results for the computational complexity of AU and SU have been presented for
an example of an extended machine repairmen (EMR) model. We discuss in subsection
A in some more detail, compared to [1], how these results have been derived, and what
assumptions and choices have been made. Then, in subsection B, we will relax from the
EMR example and discuss in general how di erent problem aspects contribute to the computational complexity of AU.
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A Derivation of the computational complexity

The following three complexity factors, as we will call them, determine the computational
complexity of AU and SU:
 Complexity of the computation of the jump probabilities Un(t) (JPR);
 Complexity of the generation of Pn (GEN );
 Complexity of the matrix vector multiplication n = n,1Pn,1 (MV M ).
To derive results for the complexity of the individual complexity factors, we only need to
know the sizes of the matrices Qn, and the necessary number of jumps, respectively, for AU
and SU.
We rst introduce some notation. We take Na(t) and Ns (t) to be the necessary number
of jumps to reach the desired accuracy  with AU and SU respectively, given that the time
of interest is t. Furthermore, we de ne N (t) = Ns (t) , Na(t). The number of non-zero
elements of Qn is denoted by n, the sum of the number of diagonal elements nd and the
number of non-zero o -diagonal elements no . For the in nitesimal generator Q we leave
out the subscript n:  =  d +  o. In this case  d equals the state space size, while  o
equals the number of possible transitions. By looking only at the non-zero o -diagonal
elements of the matrices, we implicitly assume a sparse matrix technique to be used. To
describe the individual contribution of the three complexity factors we give the number of
instructions as JPR, GEN and MV M . The subscript a denotes the number of instructions
with AU, s denotes the number of instructions with SU. Again we denote dependency on
the parameter t between brackets. So, we can have for example JPRa (t), the number of
instructions needed to compute Un (t) for AU. Furthermore, we will use the -sign to denote
the di erence of complexity between SU and AU, and the %-sign to denote the relative
di erence with respect to AU. So, for instance we get JPR (t) = JPRs (t) , JPRa (t) and
JPR% (t) = JPR (t)=JPRa (t).
Basic assumptions. For the computation of the complexity we have made the
following starting assumptions:
 Complexity of the algorithm is solely determined by the number of arithmetic instructions necessary to carry out the calculation;
 The in uence of practical problems such as under ow and over ow management,
round-o errors, genericity of the algorithms, etc, on the computational complexity is
not taken into account.
These assumptions make that for an actual software implementation of the algorithm the
resulting complexity will most probably di er. However, for the qualitative judgement of
the performance of the di erent uniformization algorithms, as was the aim in [1], this
way of establishing the complexity sues in our opinion. Moreover, implemented software
will give other information, which not necessarily leads to a better understanding of the
performance of an algorithm. Our discussion will be as much as possible implementation
insensitive. We will now discuss the derivation of the results on numerical complexity for
the EMR model in [1]. Subsequently the complexity factors JPR, GEN and MV M will
12

Factor

+ and - * and /

JPRa , epoch n < m 4n + 2
2n
JPRa , epoch n  m
4m
4m
JPRs
0
2
d
d
GENa, epoch n 2 I (t)
n
n + no
d
GENs, epoch n = 0

d + o
o
d
MV Ma
n + n
no
MV Ms
o + d
o

Total
6n + 2
8m
2
d
2n + no
2 d +  o
2no + nd
2 o +  d

Table 3: Complexity in the number of instructions at epoch n.
be discussed. The results for the number of operations at epoch n are summarized in Table
3. From left to right the columns respectively give the discussed complexity factor, the
number of additions and subtractions, the number of multiplications and divisions, and the
total number of operations to be carried out at epoch n.

Complexity of computing the jump probabilities Un(t)
Assumptions. Computing the jump probabilities, both for AU and SU, can give

numerical problems. For computing the Poisson probabilities in SU, a numerical stable
scheme has been derived by Fox et al. [6]. For computing the coecients of the ACE scheme,
prevention of over ow and under ow problems can be achieved, in part, by implementation
choices as in [4]. We will not consider the in uence of these schemes on the computational
complexity, as it is very problem speci c, and can best be determined by implementing and
running the algorithms. We estimate the computational costs when the jump probabilities
are computed straightforwardly, i.e. without additional stability increasing schemes.
SU. For SU the jump probabilities are Poisson probabilities. After performing the multiplication t once, for every step two operations are necessary to compute T (n) = (t)n=n! =
T (n , 1)t=n. Neglecting the cost of computing e,t, which has to be carried out only once,
we have JPRs (t) = 2Ns(t) operations. Note that we do not consider the possibility to do
a "left truncation" [4, 6].
AU. We derive the computational cost of the CD-ACE scheme, as this scheme can be used
to derive the jump probabilities for the EMR model in [1]. For n = 0; :::; m , 1, i.e. for
steps with non-converged rates, equations (60) and (61) have to be computed. See Table
3 for the results. Although this number of operations becomes of neglicible importance for
the complexity when the number of jumps increases, it is of importance for the evaluation
of how AU compares to SU for values of t with Na (t) < m. The computation per step after
the rate has converged is determined by (56), (57), (58), (59) and (54), and is also given in
Table 3.
Especially for the computation of the ACE schemes the obtained results have to be
treated purely as indications for the complexity. Contrary to the complexity factors GEN
and MV M , programming choices for AU are completely di erent from those for SU. An
example of such a choice is the use of the recursive relation between a(jn) and a(jn,1) in the
computation of (61), which we did assume in our instruction counting.
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Complexity of generating Pi
Assumptions. We assume that the matrix Q is known in advance, and thus do not

deal with the generation process itself.
SU. SU asks for d divisions and subtractions to compute the diagonal elements 1 , qi=
of P , and for  o operations to compute the o -diagonal elements q (i; j )=. This has to be
done once. So, GENs(t) = 2 d +  o , which is independent of t. In Table 3 we have denoted
this as computation "at epoch n = 0".
AU. At every step that a new matrix Pi has to be computed it asks for 2id + io operations.
Let I (t) be the set of indices consisting ofPall numbers of the jumps in which a new matrix
has to be computed. Then GENa(t) = i2I (t)(2id + io), which is dependent of t as it is
not for all t necessary to compute all the di erent Pi .

Complexity of matrix vector multiplications
Assumptions. In a straightforward implementation of SU there are no considerations

about active states [1], which implies that the matrix vector multiplications (MVM) is
always carried out with full size matrices. The notion of active states in AU makes that
it works with matrices in MVM which are as small as possible, and therefore MVM asks
for less computational e ort for AU than SU. On the other hand, keeping track of which
states are active asks for bookkeeping, thus leading to overhead. We do not deal with this
trade-o in our analysis, but because it is possible, and possibly bene cial, to incorporate
the notion of active states into SU, we do so. This implies that when both methods do an
equal number of steps, the complexity of MVM is equal.
SU. MVM computes n = n,1P and is the most expensive complexity factor. To keep the
explanation and notation concise, we rst assume that in every step the full size matrices P
are used. De ne  o (jd ) to be the number of non-zero o -diagonal element in the j -th column
P
of P . Note that j =1  o (j ) =  o. As the diagonal elements of P will mainly be non-zero,
we assume that the j -th column has  o(j ) + 1 non-zero elements. To compute the j -th
element of n will then ask for  o (j ) + 1 multiplications and  o (j ) additions. Summation
over j; j = 1; :::; d, then gives a total of  o +  d multiplications and  o additions for every
epoch in SU. So, MV Ms (t) = Ns(t)(2 o +  d).
Now, we did assume that minimum size matrices will be used also in SU. Then the above
analysis has to be carried out for Pn at epoch
n. Neglecting the few cases of zero's in the
P
N
(
t
)
s
vector n,1 we then obtain MV Ms (t) = n=0 (2no + nd ). P
a (t)(2 o +  d ).
AU. Similar to the derivation for SU we have MV Ma(t) = Nn=0
n
n

Conclusion

We have illustrated how the complexity results for AU and SU have been derived for
the EMR model in [1]. We note here that the curves in [1] are based on the total number
of operations necessary, without distinguishing between the di erent arithmetic operators.
So, the results in the column "Total" of Table 3 have been used. To derive over-all results
for the complexity of the uniformization schemes, the needed number of steps has to be
computed. In [1] we have used equations (60) and (61) to derive the number of jumps for
values of t for which the uniformization rate had not yet converged. For higher values of t
14

Metric Value
Na (t) (t , tm )
Ns (t)
t
N(t)
tm
tm
N%(t)
t,tm
Table 4: Number of jumps for large t.

Factora(t)
Factors (t)
Factor (t)
Factor% (t)

Instructions JPR
Instructions GEN Instructions MVM
P
d
o
Na (t)8m
Na (t)(2 o +  d )
n2I (1)(2n + n)
d
o
Ns(t)2
2 + 
Ns(t)(2 o +  d )
(2 , 8m)t + 8mtm GENs(t) , GENa(t)
tm (2 o +  d )
2t , 1
tm
GEN(t)=GENa(t)
8m(t,tm )
(t,tm )

Table 5: Total complexity in the number of instructions, summed over all epochs.
results for the number of jumps were derived using central limit theorems. This has been
explained in [1].

B The in uence of problem aspects on computational complexity

We have seen in subsection A what factors contribute to the computational complexity
of AU and SU. In this section we will discuss which sources in uence the computational
complexity, i.e., which elements of the problem determine the number of jumps and the
number of elements in the matrices. To derive general results for the in uence of problem
aspects we use results based on central limit theorems. These can be found in [1], and in
subsection B.1 we rst will repeat some of the results. In subsection B.2 we will then discuss
the in uence of problem aspects on the performance of the two uniformization algorithms.

B.1 Order of complexity results

In this section we give order of complexity results when t becomes large. In subsection A
detailed counting of instructions for small values of t was necessary to be able to distinguish
the computational complexity of AU and SU in that area. Here we can use results from
central limit theorems (see the appendix of [1]) to derive order of complexity results for
large t. We give the complexity results for the following case:
 AU has a converged rate after m steps;
 The converged rate of AU equals the uniformization rate with which SU is carried
out.
Let tm be the mean time the m non-converged jumps take:

tm =

X 1= :

m,1
i=0
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i

(73)

time instant absolute di erence relative di erence
t < tc
gain AU
high gain AU
c

t < t < t gain AU decreasing gain AU decreasing
t = t
AU and SU equal AU and SU equal
t > t
loss AU increasing loss AU increasing
t!1
loss AU to in nity loss AU to constant
Table 6: Gain and loss of AU with respect to SU, as function of time t of interest.
Then we can derive for the necessary number of steps in the uniformization schemes the
results of Table 4. Table 5 gives the total number of instructions necessary to carry out the
uniformization algorithm for the corresponding needed number of epochs (note the relation
between Table 5 and Table 3). In the rst two rows the results for AU and SU are given,
expressed in Na (t) and Ns(t). In the third and fourth row the di erences in complexity are
given, now with the results of Table 4 lled in for Na (t) and Ns(t).
We see that both MV M (t) ! tm (2 o ,  d) and GEN(t) converge (for GEN(t)
the limiting value depends on how many di erent matrices have to be computed). On the
other hand, JPR (t) is a decreasing function in t: JPR (t) = (2 , 8m)t + 2tm . When t
is small, the overhead for AU due to computing the jump probabilities and the generation
of the matrices will be outweighed by the fact that the number of jumps for AU is less than
for SU. This makes that the matrix vector multiplication will ask less e ort, as has been
illustrated in [1]. The implication of this is that AU outperforms SU for small t. However,
with increasing t, the gain because of MV M will be close to the limiting constant value
in Table 5, while the overhead for JPR increases linear in t. Consequently, there exists a
turning point t such that AU outperforms SU for t < t , while SU outperforms AU for
t > t .
Let the time instant tc denote the minimum value of t for which the number of jumps
Na(tc ) is such that the converged rate has been reached. It is for values of t < tc for which
using AU really pays o , as can be seen from the speed up factor of 1000 and more for the
EMR model in [1]. The reason for this is that Na (t)  Ns (t) for t < tc . In the computation
of the complexity we can neglect the contribution of GEN , as generation of the matrices
only has to be carried out a nite number of times, and not for every step. We therefore
can derive results for the di erence in complexity by only looking at JPR and MV M . For
t large, the absolute di erence JPR (t)+ MV M (t) goes to in nity as the term (2 , 8m)t
decreases linear in t:

JPR (t) + MV M (t) = (2 , 8m)t + (8m + 2 o +  d)tm ! ,1;
(74)
as can be derived from the results in Table 5. Using JPRa (t) + MV Ma (t) = (8m + 2 o +
 d )(t , tm ) we get that the relative di erence in complexity with respect to AU converges

to a constant:
JPR (t) + MV M (t) = (2 , 8m)
t + tm ! 2 , 8m : (75)
o
d
JPRa (t) + MV Ma (t) (8m + 2 +  ) (t , tm ) t , tm 8m + 2 o +  d
Finally, we use the approximate value of the turning point t , which is the value of t for
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which JPR (t) = MV M (t):

t = 8m 8+m2, 2+  tm :
o

d

(76)

We have to take notice of the limited validity of the central limit theorems if the value of
t is not large compared to tm . In that case Equation (76) cannot be used.
In Table 6 a qualitative assessment about the di erence in complexity between AU and
SU is given for di erent values of t. This table summarizes the behavior of the di erence
in complexity as function of t.

B.2 Problem aspects
In this subsection we discuss what problem aspects in uence the computational complexity, and to what extend. The discussion will especially be about the in uence on the
value of the turning point, and the di erences between AU and SU in both absolute and
relative sence. We identify three main sources that in uence the computational complexity:
1. Model sources:
 State space size and number of possible transitions;
 Rates of transitions;
2. Implementation sources:
 (Adapted) uniformization rates;
3. Requirements sources:
 Desired accuracy ;
 Set of t of interest.

Model sources

The state space size equals  d, while the number of transitions equals  o. So, the
magnitude of the model directly in uences the computational complexity caused by MV M
and GEN (see Table 5). On the other hand, the state space size does not in uence JPR,
and for this reason we have that when the state space increases, the turning point t will
increase according to (76). By enlarging the state space, it will be very easy to construct
an example in which the turning point is much higher than in the EMR model.
The rates of the transitions determine the uniformization rates. When the rates increase,
and thus the uniformization rates increase, the necessary number of steps in both AU and
SU will increase. We see from (76) that the turning point is depending on the uniformization
rate through tm (see (73)). To derive results for the turning point when the central limit
theorems leading to Equation (76) are not valid demands more intricate analysis. This
also is the case when we want to derive results for the complexity for small values of t.
Additional experiments should provide insight in the complexity for values of t for which
the central limit theorems give no accurate results. Note that the relative di erence is not
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in uenced by the uniformization rate , see (75), while the absolute di erence increases
proportional to , see (74). Also the absolute di erence for values of t < tc will increase
when the uniformization rate increases. This is because for t < tc the computational cost
for AU are almost neglicible, while the cost for SU are directly determined by the necessary
number of steps, which is for SU proportional to the uniformization rate.
In this respect we will shortly elaborate on the class of sti CTMC's. There are several
de nitions of sti models, but roughly models will be sti when the uniformization rate 
is large. To solve the problem with SU is then not very attractive, as the necessary number
of jumps Ns(t) is of the order O(t). Several solution methods have been developed to
overcome this problem [7, 8, 9], see for an overview [10]. Most widely applicable is the
method in [10] (see also [7] for an extension towards cumulative rewards). In this method
it is checked whether the result of the uniformization process is close to steady-state, after
which the uniformization procedure can be stopped. Dunkel et al. [11] show that this
approach is not useful for so-called nearly completely decomposable models. The EMR
model of [1] is, depending on the value of the coverage factor c, such a model [11]. Checking
for steady-state is in this case useless, but the AU extension of uniformization can limit
the computational cost. We stress here that this is especially the case for a limited class
of models. When t is not too large (e.g. t  tc ), AU can then considerably speed up the
solution.

Implementation sources

To get the ACE scheme as simple as possible, it is important to have a converged rate.
Moreover, when the adapted uniformization rate is taken to be converged earlier, it will
lessen the complexity of the jump probability computation. On the other hand it will ask
for more steps, and thus for more MVM computation. For every value t of interest there
is an optimal pattern of adapted uniformization rates, in the sense that it minimizes the
computational complexity. For the EMR example, it typically seems to be smart to let the
rates be converged after r jumps at the latest, i.e., when the rst active state is reached
that allows repairs and thus has a higher outgoing rate.

Requirements sources

Increasing the accuracy makes that the number of jumps for AU as well as SU becomes
higher. It implies that Na (t) and Ns(t) both are higher when t is small. So, tc will decrease
when the desired accuracy increases. But, it follows from the central limit theorem (see [1])
that for large t the number of jumps is independent of . So, for the turning point t the
in uence of  will often be neglicible.
The number of epochs Nt for which one wants to know (t) also in uences the computational intensivity. Depending on the ACE scheme which can be applied, it is more
or less important. In all cases it will ask for some extra instructions to be carried out for
computing the jump probabilities. The overhead for computing the jump probabilities for
AU will increase at most linear in Nt. So, we will see that t decreases when more values
of t are of interest.
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Conclusion on the numerical complexity of AU and SU

In this section we have described in subsection A how the complexity results for the EMR
model in [1] have been derived. These complexity results are based on counting, and have
several underlying assumption. The exact values of the complexity of the uniformization
schemes heavily depend on the chosen assumptions. An actual software implementation
can give additional insights in the complexity of the method, because practical numerical
and programming aspects can then be taken into account. However, it is our opinion that
for the qualitative evaluation of the di erence between AU and SU, the analysis provides
sucient insight.
In subsection B.2 we have identi ed the problem aspects which in uence the numerical
complexity of AU and SU. We have seen that the computational bene t of using AU very
much depends on speci c problem characteristics. On the other hand we have seen that the
computational overhead for AU relative to SU converges to a xed percentage of the computational cost of SU, provided we can apply the modi ed ACE schemes for AU processes
with converged rates. Computational overhead therefore does not have to be a bottleneck if
AU is applied. Further research to the usability of AU for otherwise hard to solve problems
is therefore of interest.
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