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ABSTRACT
Computation of transient state occupancy probabilities of continuous-time Markov
chains is important for evaluating many performance, dependability, and performability models. A number of numerical methods have been developed to perform
this computation, including ordinary di erential equation solution methods and uniformization. The performance of these methods degrades when the highest departure
rate in the chain increases with respect to a xed time point. A new variant of
uniformization, called adaptive uniformization (AU), has been proposed that can potentially avoid such degradation, when several state transitions must occur before a
state with a high departure rate is reached. However, in general, AU has a higher
time complexity than standard uniformization, and it is not clear, without an implementation, when AU will be advantageous. This paper presents the results of three
di erent AU implementations, di ering in the method by which the \jump probabilities" are calculated. To evaluate the methods, relative to standard uniformization,
a C++ class was developed to compute a bound on the round-o error incurred by
each implementation, as well as count the number of arithmetic instructions that
must be performed, categorized both by operation type and phase of the algorithm
they belong to. An extended machine-repairman reliability model is solved to illustrate use of the class and compare the adaptive uniformization implementations with
standard uniformization. Results show that for certain models and mission times,
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adaptive uniformization can realize signi cant eciency gains, relative to standard
uniformization, while maintaining the stability of standard uniformization.

1 INTRODUCTION
Continuous-time Markov chains are often used to evaluate the performance, dependability, and performability of computer systems and networks. For many
models [5, 6], transient measures are of particular interest. Closed-form solutions exist for certain models, but often numerical approaches must be utilized.
These include ordinary di erential equation methods such as Runge-KuttaFehlberg or an implicit method TR-BDF2 [17], Jensen's method [9] (commonly
known as uniformization), and combinations thereof [12].
Uniformization has often been considered the best method [8, 18] for computing transient state probabilities of continuous-time Markov chains, but su ers
a dramatic degradation in performance as the highest state departure rate increases for any xed time point [12]. For these so-called \sti models," the
truncation point needed to achieve acceptable accuracy becomes prohibitively
large. Adaptive uniformization (AU) [14] was introduced to avoid this problem
in models where states with high transition rates are not reached for several
state transitions, and is particularly applicable for models with short mission
times, where ordinary di erential equation methods are inecient. Additionally, AU shares a nice feature with uniformization in that an error bound can
be prespeci ed, and computes an absolute lower bound result within the speci ed error. Adaptive uniformization takes advantage of the fact that there is
typically a single initial state, and several transitions are necessary until all
states are reachable, or active. Thus the uniformization rate at each step need
only be larger than the largest outgoing rate from the set of currently active
states, not larger than the largest rate in the entire state space. This allows
bigger jumps to be made, reducing the number of iterations necessary to reach
a solution.
While adaptive uniformization will always take a number of iterations less than
or equal to standard uniformization to achieve a speci ed level of accuracy, each
iteration requires more computation, so it is not clear when AU will be computationally advantageous. Theoretical results in [14] suggest that there are
situations when this will be the case, but no implementations have been made
that show that this is indeed true, or the magnitude of savings (or expenses)
that may be incurred. In this paper, we present the results of three di erent im-
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plementations of adaptive uniformization, and compare them with regular uniformization. The three implementations di er in how the \jump probabilities"
are calculated, the most critical part of the adaptive uniformization algorithm.
In order to make a careful assessment of the various implementations, a C++
class was developed to instrument the code. This new class calculates a bound
on the round-o error incurred by each method, and the number of oating
point operations required for solution of a model. The number of operations
is broken down by operation type (i.e., multiplication, division, addition, and
subtraction) and by the portion of the algorithm the operations are associated
with. The ne-grained nature of this data collection permits a clear understanding of the exact costs of the di erent portions of each algorithm, as well
as when it will encounter numerical diculties.
The contributions of the paper are two-fold. First, we develop a method for
instrumenting algorithms to gain a clear understanding of their exact costs and
numerical issues. The C++ class developed to do this is algorithm independent,
and can be easily added to any algorithm implemented in C or C++. Second,
we provide an accurate comparison, using the instrumented code, of the three
adaptive uniformization implementations and standard uniformization in the
context of a delayed machine repairman model. The results show that the
advantages/disadvantages of the new approach are clearly problem dependent,
but there are realistic situations where adaptive uniformization is dramatically
more ecient than standard uniformization, while retaining the stability of
standard uniformization.
The remainder of the paper is organized as follows. After the theoretical background of uniformization and adaptive uniformization is reviewed in the next
section, the details of computing the jump probabilities for AU are given in
Section 3. Three methods, ACE [16], a modi ed ACE algorithm [14] and uniformization, are discussed in the context of our implementation. Section 4
compares and describes the overall algorithm implementation, while in Section 5 our C++ class for evaluating the viability of the methods and results
is explained. Finally, Section 6 details results based upon instrumentation,
empirically comparing uniformization and adaptive uniformization.

2 BACKGROUND
We begin by explaining the theory behind the methods used in this paper
to solve for the transient state probabilities of continuous-time Markov chains
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(CTMCs). Let CTMC Y = fY (s); s  0g be de ned on the state space S
where it is assumed S = f0; 1; 2; : : :g. Let Q = (q(i; j )); i; j 2 S , be the innitesimal generator matrix of Y , with qi = ,q(i; i) for i 2 S . The row vector
(0) = (0 (0); 1 (0); : : :) denotes the initial probability distribution of S . Our
objective is then to obtain the transient state probability vector  (t), with
i (t) = ProbfY (t) = ig for any i 2 S .
Kolmogorov's di erential equations [3] show that (t) follows
d(t) =  (t)Q:

dt

(1.1)

Therefore, this problem has the solution  (t) = (0)eQt . However, directly
solving eQt does not lead to satisfactory numerical algorithms [7].
In standard uniformization (SU), which is often used in the context of Markov
models, the CTMC is decomposed into a discrete time Markov chain (DTMC)
and a Poisson process. For later use, we brie y review standard uniformization.
Let   maxfqig; i 2 S , be the so-called uniformization rate. Then, the DTMC
X = fXn ; n = 0; 1; : : :g, can be de ned, with transition matrix P = I +(1=)Q:
(t) is then obtained from

 (t) = (0)

1
X

n=0

n
e,t (tn!) P n :

(1.2)

By introducing n = n,1 P; n = 1; 2; : : :; where 0 = (0); Equation 1.2 can
be written recursively as
1
X
(t) = Un (t) n
(1.3)
n=0

where for later use we have de ned the jump probabilities Un (t) as
n
Un (t) = e,t (tn!) :
(1.4)
n is interpreted as the state probability distribution of X after n state transitions. Thus  (t) can be thought of as the discrete probability vector after n
jumps multiplied by the probability of having n transitions occur, summed over
all possible number of jumps. In SU, these jump probabilities form a Poisson
distribution. In our implementation of SU, the in nite sum of Equation 1.3 is
both left and right truncated so that

(t) 

Nsr
X

n=Nsl

n

e,t (tn!) n ;

(1.5)
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sl ,1
n=0

1
X

n

e,t (tn!) +

n

n=Nsr +1

e,t (tn!) < :
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(1.6)

Nsl and Nsr are then selected so that the resulting truncation error is less
than an  > 0. Notice that this left truncation does not e ect the number

of matrix-vector multiplications that must occur, only reducing the amount of
summation necessary. Fox and Glynn [4] have given a method to nd Nsl and
Nsr given a prede ned , , and t, and using this, SU allows solution of (t) to
any desired accuracy  > 0.
In adaptive uniformization, the uniformization rate can change with the number
of jumps, or current epoch, and depends on the set of states the DTMC X can
be in at some epoch. The set of active states at epoch n; n = 0; 1; : : :, of X is
de ned as An  S where
An = fi 2 S j  n (i) > 0g:
(1.7)
Then the adapted uniformization rates can be de ned as n  maxfqi j i 2 An g,
for n = 0; 1; : : :. Restricted state-transition rate matrices for each step n,
called adapted in nitesimal generators in [14], can be de ned as the Qn =
(qn (i; j )); i; j 2 S , such that

i 2 An
qn (i; j ) = q0(i; j ) ifotherwise
Only rows of Q corresponding to active states in each epoch are considered.
Next, the adapted transition matrices are given by
P = I + 1 Q ; n = 0; 1; : : : :
(1.8)
n

n n

If Un (t) is de ned to be the probability of n jumps in time t in the birth process
formed by the adaptive uniformization rates 0 ; 1 ; : : :, then the transient state
probability vector can be de ned as

(t) = (0)
where

1
X

nY
,1

(1.9)

n = n,1 Pn,1 ; n = 1; 2; : : : with  0 = (0):

(1.10)

i=0

As with SU, the sum is truncated so that

(t) 

Na
X

n=0

Un (t) n with

Pi =

1
X

Un (t) n ;

n=0

Un (t)

n=0

1
X
n=Na +1

Un (t) < :

(1.11)
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Left truncation is not employed since the jump probabilities no longer form
a Poisson distribution. Like SU, AU solutions can be found to any accuracy
 > 0. By using a pure birth process to nd the jump probabilities, it is possible
to make probabilistically larger jumps with AU than SU. Thus, for identical 
and t, Na  Nsr , potentially resulting in a reduction of computation time.

3 JUMP PROBABILITY CALCULATION
The basic di erence between AU and SU lies in calculation of the jump probabilities. For SU, the jump process has a Poisson distribution, while AU's takes
the form of a general birth process. It can be de ned by B = fB (t); t  0g
over the state space S = f0; 1; : : :; Na g. Then Un (t) = ProbfB (t) = ng, with
B 's in nitesimal generator matrix QB of the form
0 ,  0 : : : : : :
1
0
0
0
BB 0 ,1 1 0 : : :
0 C
B
C
.
.
.
.
.
.. C
..
..
.. ..
..
QB = B
(1.12)
. C
B@ 0 : : : : : : 0 ,
C
A
Na ,1 Na ,1
0 ::: ::: :::
0
,Na
where i is as de ned in Section 2. In this section, the three alternatives used in
this study for computing the jump probabilities for AU, an acyclic Markov chain
evaluator (ACE) developed by [19] then re ned in [16], a modi ed ACE scheme
from [14], and standard uniformization, will be discussed. Special attention will
be given to issues related to their implementation in the context of having no
prior knowledge of the adaptive uniformization rates.

ACE ACE is applicable to solving this problem both because of B's acyclic
nature and that the ACE algorithm is recursive. The method is based upon
the fact that

Ui (t) = Bi (t) =

i( j )
X KX
j 2, k=0

ai;j;k tk e j t

(1.13)

for an acyclic CTMC, where , is the set of unique poles and Ki ( j ), given
j 2 ,, is the number of poles with value j in the Laplace transform expression
[16]. The coecients a are indexed by i, j , and k, representing the ith state, j th
unique pole, and (k + 1)th appearance of the j th pole. Thus j represents the
j th unique pole. Calculation of ai;j;k can be accomplished recursively through
the method of [16]. In this study we have incorporated numerical improvements
shown in [11] and [10] to reduce cancellation error and chance of over ow. First,
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the generator matrix QB = (qB (i; j )); i; j 2 S , is scaled by the mission time t,
resulting in
QB = tQB ; t = 1:0; j = t j
(1.14)
and thus
i = ti = ,qB (i; i); for i = 0; 1; : : : ; Na :
(1.15)
Second, we have for the initial state 0
1

= ,0 ; K0( 1 ) = 0; a0;1;0 = e,0 :

(1.16)

Finally, the other coecients are derived recursively by the following scheme
starting with the second state

8
>
ai,1;j;k ji+,1i
>
>
<
ai;j;k+1
i,1
ai;j;k = > ai,1;j;k j +i , (k + 1) j +i
i,1
>
k
>
: , P ai,1;j;k,1ai;m;
, ,
0e i m

i i 6= j ; k = Ki ( j )
i i 6= j ; 0  k < Ki (
i i = j ; 1  k  Ki (
otherwise

(a)
j ) (b)
j ) (c)
(d)
m 2,; m 6=,i
(1.17)
Given these improvements from [10], computing Bi (t) from the ACE coecients is a simple matter of summation, so

Bi (t) =

i( j )
X KX
j 2, k=0

ai;j;k :

(1.18)

In our implementation the sum of Equation 1.17 (d) is calculated such that
positive and negative terms are added in ascending order according to their
absolute values, with the addition of these partial results equalling the total
sum, thereby reducing cancellation error [10]. This error-reduction scheme
is not employed in our Bi (t) summation. The additional overhead is high
because of ACE's complexity, and more importantly, it would not contribute
to the stability of the method. Since the coecients for the current state's
transient probability are only dependent upon the previous state's, ACE for
this specialized type of acyclic CTMC can be implemented dynamically, with
only two sets of coecients held in memory simultaneously. However, each new
iteration adds another coecient, making ACE an O(Na2 ) algorithm.

Modi ed ACE To reduce the computational complexity from O(Na2 ) to
O(Na ), [14] introduced a modi ed version of ACE for when i converges to a
xed rate . Convergence is typical behavior in AU and is also a by-product of
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all states becoming active. Although it is not necessarily the case if the strict
rules of adaptive uniformization are followed, our implementation designates
the maximum rate  to be the converged rate. As soon as the state with rate
 becomes active, the birth process is assumed to have converged. As will be
seen, this notion of convergence is important to making adaptive uniformization
computationally bene cial.
So, if convergence occurs at epoch m, it can be said m+l =  for l = 0; 1; : : :,
implying that the birth process B behaves as a Poisson process from epoch
m onwards. By convolving a hypo-exponential and Poisson distribution, and
taking into account scaling by t, an equation for Um+l (t) can be derived:

Um+l (t) =

,

X

X

Km
k
X( j ) X

6 , k=0 r=0
j 2,; j =
Km ( j ) k

X X

j 2,; j 6=, k=0 r=0

bm;j;k (,1)r r!(kk,! r)!

bm;j;k (,1)r r!(kk,! r)!
r+l ( +
X
v=0

v!

j)

l

( + j )r+l+1

l

( + j )r+l+1
v

(r + l)! e
l!

j

(r + l)! e, 
l!

;

(1.19)

given that  6= i for 0  i < m. By creating terms A, C and D, Um+l (t) can
be computed recursively, with a constant number of operations per step. So,
let
l
(r + l)! e
(1.20)
A(j);k;r (l) = bm;j;k (,1)r r!(kk,! r)!
( + j )r+l+1 l!

C j ;r (l) =

r+l ( +
X
v=0

v!

v
j)

(1.21)

for l  0. Recursive relations, necessary for implementation, for l > 0 are

A(j);k;r (l) = A(j);k;r (l , 1)
where



( + j )

(r + l )

l

(1.22)

C j ;r (l) = C j ;r (l , 1) + D j ;r (l)

(1.23)

( + )r+l
( + )
D j ;r (l) = (r +jl)! = D j ;r (l , 1) r + lj :

(1.24)
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Um+l (t) =

X

Km
k h
X( j ) X

j 2,; j 6=, k=0 r=0

9

i

)
) (l)C (l) :
A( jj;k;r
(l) , A(,j ;k;r
j ;r

(1.25)

In the implementation, for i  m, Ui (t) is found via ACE. When the converged
rate  is encountered, values for A(j);k;r (0), C j ;r (0) and D j ;r (0) are calculated.
The conversion [15] from am;j;k in Equation 1.17 to bm;j;k in Equation 1.19 is
given by
bm;j;0 = ( + j )am;j;0
bm;j;k = ( + j )am;j;k + (k + 1)am;j;k+1 ; 0 < k < Km ( j ) (1.26)
bm;j;Km ( j ) = ( + j )am;j;Km( j )

Then Um+l (t) for l > 0 is found from Equation 1.25 and by updating the A,
C and D coecients via Equations 1.22, 1.23 and 1.24. As can be seen, from
this point onwards the computational complexity is linear, and thus modi ed
ACE is an O(Na ) algorithm assuming Na is large compared to m. Further
simpli cation is possible when i 6= j ; i 6= j for all i; j 2 f0; : : : ; mg. Then
Km ( j ) = 0 for all j , and the sums over k and r disappear, thus requiring less
calculation per epoch. See [14] for details.

The summation for Um+l (t) in Equation 1.25 is done by adding the terms in
ascending order of their magnitude, for both positive and negative numbers,
then summing these two intermediary results. This reduces cancellation error,
and is reasonable to implement within modi ed ACE because it is of order
O(Na ). Since the coecients A, C and D are independent of one another, all
terms can be held in a single array that is updated each jump.

Uniformization The nal method used to compute jump probabilities is
standard uniformization itself. The variant of AU that uses this is called layered
uniformization (LU) [14]. If we let  = maxfi g; i = 0; : : : ; Na , then
Un (t) =
where
and

NX
Br

k=NBl

k
e,t (tk!) Bk (n); for n = 0; : : : ; Na

(1.27)

 Bk =  Bk,1 PB ; with B0 (0) = 1

(1.28)

PB = I + 1 QB

(1.29)
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As shown in Section 2, the truncation bounds NBl and NBr can be selected
such that the resulting truncation error is smaller than an B > 0. The bound
on the total error from truncation in LU is then given by  + B .
In the actual implementation, QB is found a step at a time based on the set of
active states, which due to its special nature can be stored as an array rather
than a sparse matrix. Thus there exists a PBn rather than a PB , for each n
such that
(1.30)
P = I + 1 Q with  = maxf g; i = 0; : : : ; n:
Bn

k Bn

k

i

So, each state (jump) probability is calculated separately, as each new adapted
uniformization rate is found. As with modi ed ACE, reaching the converged
rate  at some epoch m is an important step. Then it is assumed that i = 
for i = m; : : : ; Na ; : : : and all the rest of the jump probabilities can be found
immediately via standard uniformization. Since we take the converged rate
to be , the maximum rate in the CTMC Y, the vector matrix multiplication
in Equation 1.28 reduces to Bk (n) = Bk,1 (n , 1) for n > m. This combined
with using
p the Fox and Glynn algorithm results in a total order of complexity of
O(Na NBr ) [13]. Notice that a priori knowledge of all adaptive uniformization
rates would reduce the total computation necessary, but not the complexity.

Summary We have discussed three alternatives for calculation of the jump

probabilities for adaptive uniformization. Implementations for all three options
were described in the context of dynamic calculation of adaptive uniformization rates, that is, new rates are found per iteration as opposed to knowing
them all in advance. The issue of reducing error in ACE and modi ed ACE
was also addressed. Since the coecients in these algorithms are unbounded
and possibly negative, these two methods are potentially unstable. However,
testing is required to e ectively gauge their instability. On the other hand, uniformization is inherently stable because it uses only positive, bounded elements.
In terms of complexity, modi ed ACE is best, followed by uniformization and
then ACE. Experimental results will be given in Section 6 to compare these
method's usefulness. Table 1 summarizes these three methods and the jump
probability calculation for SU in terms of asymptotic complexity and potential
stability.
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Technique
Complexity Stability
ACE
O(Na2 )
Unstable
Modi ed ACE
O(p
Na )
Unstable
Uniformization (LU)
O(Np
a NBr ) Stable
Poisson Probabilities (SU) O( Nsr )
Stable
Table 1

Complexity and Stability of Methods

4 ALGORITHM IMPLEMENTATION
Given these methods to compute the jump probabilities, we can outline the
algorithms used in the four uniformization methods considered. Inputs to the
algorithms are t, , the in nitesimal generator matrix Q of the CTMC, and the
initial state v. LU also requires a value for B . Both the SU and AU algorithms
are given in Figure 1, with parts common to both methods centered. Notice
that adaptive uniformization varies slightly depending upon which method is
chosen to calculate the jump probabilities.
In both SU and AU, Q is read into a sparse matrix structure, holding only
the non-zero elements, with  found during read-in. In SU, P is calculated
immediately, along with the jump probabilities UNsl (t); : : : ; UNsr (t). On the
other hand, AU calculates Un (t) on a per epoch basis from Equations 1.13,
1.25 or 1.27, except for when the converged rate is reached in LU. In that
case all remaining probabilities are calculated directly from Equation 1.27 as
outlined in Section 3. Given the nature of the AU algorithm, it can be seen
without much diculty that Q could be generated as the transient solution was
being found, making it applicable to unbounded state space problems. The
implementation here depends on a pre-generated Q from the software package
UltraSAN [1], and thus is limited to nite state space models.
Both algorithms use loops to control the summation of Equations 1.5 and 1.11.
Each iteration calculates the next n , then sums the product of it and epoch
n's probability into (t). In AU, nding n from n,1 is dependent upon the
adaptive uniformization rate n,1 and whether or not the rate has converged.
If the rate is unconverged,  n is calculated, and n is found from the new
set of active states. If, on the other hand, the converged rate  has already
been reached, n is found as in SU. In our implementation, as soon as the
maximum, or converged, rate in the in nitesimal generator matrix is reached,
Q is permanently converted to P so that no repetitive computation is done.
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Standard Uniformization
Adaptive Uniformization
Read Q into sparse matrix structure
 = max(,q(i; i)) j i 2 S , v = initial state
P = I + Q=
0 = ,q(v; v)
Calculate jump probabilities Calculate U0 (t) with ACE, Modi ed
UNsl (t); : : : ; UNsr (t) given t, ACE or LU using t, 0 and B
 and , with Ui (t) = 0
sum = U0 (t); n = 1; done = 0;
for i < Nsl
converged = 0
0 (v) = 1, 0 (i) = 0 for i 6= v; i 2 S
 (t) = 0 U0(t)
For n = 1 to Nsr f
While done = 0 f
If converged = 0
 n =  n,1 (I + Qn,1 =n,1 )
Find n given An = fi 2 S j n (i) > 0g
If n = 
converged = 1; P = I + Q=
n =  n,1 P
LU: Find Un(t); : : : ; UNa (t)
Modi ed ACE: linear conversion
Else If LU Calculate Un (t)
Else
 n =  n,1 P
ACE or Modi ed ACE: Calculate Un (t)
If n  Nsl ;
(t) = (t) + n Un (t)
 (t) = (t) +  n Un (t)
g
sum = sum + Un (t)
If (1:0 , sum) < 
done = 1; Na = n
n=n+1

g

Figure 1

SU and AU algorithms

The other main di erence in the two methods is in how the main loop terminates. In SU, the end Nsr is determined a priori from the Fox and Glynn
algorithm [4]. On the other hand, our implementation of AU nds the i 's on
the y, and thus jump probabilities are calculated only an epoch at a time.
These are summed iteration by iteration and checked at every update to see if
the  requirement has been met. Thus Na is not determined until the end of
the computation.
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5 PROGRAM INSTRUMENTATION
In order to fairly assess the accuracies and computational complexities of the
di erent algorithms, we developed a C++ class with which we instrumented
our programs. First, it allows us to count oating point arithmetic operations
by both operation type and program phase. And second, it tracks the bound on
the machine round-o error for all oating point data. Thus this class is very
useful for comparing numerical algorithms in terms of complexity and accuracy.
Through its use of operator overloading [21], this extended double class easily
instruments numerical C or C++ code, requiring only changes to the variable
type declarations and output statements.
Associated with each class element are pointers to counters for addition, subtraction, multiplication and division operations. These counters are double
oating point types. Every oating point operation involving an extended double type increments the appropriate counter(s) pointed to by the variable on
the left side of the assignment. By assigning di erent counters to variables in
di erent segments of the program, computational complexity can be broken
down into ner algorithmic detail.
The computed data x~ and round-o error bound b are stored as double oating
point types in each element of the class, such that the true x must lie in the
range x~  b. The bound b is not related to approximations due to the algorithm
in use, but is only a bound on the machine round-o error based on the previous
computations necessary to nd x~. Initial round-o error is determined by the
machine precision and x~'s absolute value as a default, although external values
can be assigned. For a given arithmetic operation, b is propagated as follows
For x~r = x~1 + x~2 ; br = b1 + b2

(1.31)

For x~r = x~1 , x~2 ; br = b1 + b2
For x~r = x~1  x~2 ; br = b1abs(~x2 ) + b2abs(~x1 ) + b1b2

(1.32)
(1.33)

For x~r = x~1 =x~2 ;
8 n  x~1 (~x1,b1 )   (~x1+b1 ) x~1 o
<max abs x~ , (~x +b ) ; abs (~x2,b2 ) , x~2 if x~1  x~2  0
 x1,b1) x~1 o
(1.34)
br = : n  x~2 (~x21 +b21 ) 
max abs x~12 , (~x2 +b2 ) ; abs (~
if x~1  x~2 < 0
(~x2 ,b2 ) , x~2
where abs(~x) is the absolute value of x~ and maxfg returns the maximum of
its arguments. Note that the last term in Equation 1.33 is not implemented
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because it is negligible for small round-o errors. This method provides an
approximate upper bound [20] on the error accumulated due to machine roundo . This upper bound is approximate because the bound computation is itself
susceptible to round-o error. In the next section we will give results based
upon this class.

6 RESULTS
In order to study the viability of AU, and to illustrate the code instrumentation, we will use an extended machine-repairman (EMR) model with delayed
repairs, similar to ones given in [2, 22]. In this model there are K components,
all with the same failure rate, . There are two classes of failure, hard and
soft, where the probability of a failure being soft is c and that of a hard failure
1 , c. c is known as the coverage factor. Repair begins when r components
have failed, with repairs taking place at a rate of  for a hard failure and  for
a soft failure, with  >  typically. The failures and repairs are all negative
exponentially distributed in time with ,  and  as parameters. Each component has independent repair capability, and repair continues until all units
are operational. Correct service is provided whenever at least one component
is functional. Usually ,   , and thus there are a number of epochs with
low adaptive uniformization rates followed by higher rates and the converged
rate.
For our studies, we have chosen two sets of models with a range of K values
and constant r, , ,  and c. Notice that c has no e ect on the state space
size, and that the adaptive uniformization rates are a function of K , r,  and
maxf;  g. Also, the converged rate  = (K , 1)maxf;  g + . For the rst
set K = 20 or 50, r = 10,  = 1,  = 1000,  = 800 and c = 0:5. Thus while
 and c may e ect the reliability, they do not e ect the computation time
in the discussed algorithms. The second set consists of larger models, where
K = 200, 250 or 300, r = 100,  = 1,  = 100,  = 80 and c = 0:5. For all
LU results, B  10,14 , whereas parameter  is varied along with t as part of
the experiment. We used mission times t on the order of 1=, the mean time
of a component failure, which is reasonable for highly reliable applications [14].
A typical measure of interest in this model is then system reliability, or the
probability of at least one unit functioning.
Several aspects of our results will be discussed. First, the accuracy of the di erent methods will be compared in terms of their resulting bounds on the round-
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Figure 2

Both SU and LU are numerically stable owing to their use of probability matrices with positive, bounded elements, and the Fox and Glynn method to
calculate Poisson probabilities, while ACE and modi ed ACE are not guaranteed to be stable. We will rst look at the limitations of these algorithms. The
round-o error results are from system reliability, and are normalized such that
the error shown is relative to this reliability. As can be seen in Figure 2, the

o error. Second, an illustration of operation counting in the instrumented
code will be given. Finally, the computational complexity of the algorithms
are compared. Two methods of comparison are used, computation time (CPU
usage) and number of oating point operations. Since all AU algorithms have
a higher order of complexity in computing jump probabilities than SU with
respect to time, the results exhibit crossover points t0 , where AU is less computationally complex for t < t0 and SU performs better for t > t0 , whenever
Na < Nsr . We will designate tT to be the crossover point based on computation time, while the oating point operation crossover time is labeled tF . The
two measurements will show slight di erences because some overhead is not
accounted for by operation counts.

Normalized Roundoff Error
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accuracy of both ACE and modi ed ACE is limited. The tests from Figure 2
were run with the requirement  < 10,4 , and yet the bounds on the resulting
round-o error were often orders of magnitude larger than this for a large range
of t. Other models with di erent K values, and smaller  requirements, showed
worse performance, even to the point where viable solution was unattainable.
Due to the limited capabilities of the ACE and modi ed ACE algorithms, they
are probably not useful for implementations of adaptive uniformization. Therefore the rest of our results focus on the LU variant of AU.
On the other hand, SU and LU show good results in the area of numerical stability, with similar results found over a wide range of models and  values. LU
shows better performance for small t simply because fewer calculations were
necessary to achieve the result. The truncation error in SU can be made arbitrarily close to 0 through the use of Fox and Glynn's algorithm for computing
Poisson probabilities. However, making  less than the machine's epsilon, i.e.,
the smallest number x such that 1:0+ x 6= 1:0, has little value. LU's truncation
error is limited by this machine epsilon, since a running total sum of the jump
probabilities is used to detect when to truncate. A speci ed  less than the
machine epsilon would not allow the in nite sum to truncate.
We now show results to illustrate use of the instrumentation method to count
operations. Figure 3 shows a breakdown by operation type for a 50 component
EMR model. The operation types are important because their individual computational complexities vary from machine to machine, and thus comparisons
may want to take this into account. In this example it can be seen that additions and multiplications dominate the divisions and subtractions in both the
SU and LU algorithms. However, the operation distributions are not the same,
as LU requires a larger percentage of subtractions and divisions for solution.
The operation crossover point in computational complexity can be seen to lie
somewhere between t = :6 and t = :8.
In Figure 4 the counts are divided between the di erent aspects of the algorithm
that contribute to the computational complexity:
INIT: Operations done during the read-in of Q.
JPR: Computation of jump probabilities Un (t).
QP: Calculation of P and/or Pn .
MVM: Matrix vector multiplication  n,1 P and/or  n,1 Pn,1 .
SOL:  (t) + n Un (t) calculation.

|
|

|
|
|
|
LU SU
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|
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|
LU SU
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The next two gures demonstrate the computational advantages of LU, as well
as illustrate the two kinds of crossover points. Larger state space-sized models
with K = 200, 250, 300 and r = 100 were selected to show AU and SU's ability
to solve very large problems. Figure 5 depicts the computational complexity
in terms of the total number of oating point operations. Within these results,

The time t = :6 was selected because total computational complexity was almost equal, allowing fair comparison. The histogram clearly shows the tradeo
between the two methods. LU trades increased computational complexity in
calculating the jump probabilities (JPR) for a reduction in the number of matrix vector multiplications (MVM), as compared to SU. The latter follows from
the fact that LU truncates earlier because the adaptive uniformization rates
allow it to make probabilistically larger jumps. Note that since the scale is
logarithmic, the di erence in MVM complexity is actually greater than the difference in JPR. LU also shows increased activity in QP since Pn is calculated
multiple times and in SOL because LU does not left truncate.

Floating Point Operations
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Standard Uniformization

= 50, r = 10, 2095 states,   10,12 , t = :6

Layered Uniformization

K

A graph of computation time on a Sparcstation 10/30 versus time t is given in
Figure 6. tT occurs at slightly less than t = 1. This is less than tF because
of the extra control overhead necessary to implement LU. Better optimized
software will move tT closer to tF . Also note that the savings for t < :5 are less
because operation counts do not re ect computational time spent on matrix
read-in, etc. The remaining results will be based upon instruction counts,
since these are reliable and repeatable. The irregular nature of Figure 6 shows
clearly that CPU usage is not the most dependable measure since it can be
unpredictably in uenced by concurrent execution of the operating system and
other application programs.

all operation types are given equal value. For a given machine these operations
could easily be weighted to re ect their individual computational intensities. It
can be seen that tF , the operation crossover point, occurs at approximately t =
1:9. For t < :5, the converged rate has not been reached when the truncation
point occurs, and thus it can be seen that savings of about 2 orders of magnitude
are reaped for this particular model. The large jump in complexity at t  :5
occurs when the converged rate is reached, and no further savings are possible.
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Figure 8 illustrates how the requested truncation error limit e ects the computation. Obviously, SU is insensitive to accuracy demands. This is because the
Poisson distribution approaches zero rapidly in either tail, making the amount
of truncation di er little with changes in . The distribution of the jump probabilities decreases much more slowly from its maximum in LU, and therefore

Figure 7 shows the computational complexity versus the time parameter for
3 di erent EMR models of varying state space size. This graph shows how
increased state space size increases tF because a reduction in the number of
vector matrix multiplications becomes a more important factor. tF rises from
less than 1.2, to approximately 1.8, and nally to just under 2.5 for the 65250state model. Note that this e ect on tF is reduced to some extent since as the
state space size scales, so does its maximum, or converged rate, which has a
greater e ect on LU jump probability calculation than for SU.
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10,4 ; 10,8 ; 10,12

Many methods have been proposed to compute the transient state occupancy
probabilities in continuous-time Markov chains, but no method has proven best
for all models and time points of interest. Uniformization is popular, but results
in extremely long run times to achieve acceptable accuracy when models are
sti . Adaptive uniformization has been proposed to alleviate these problems

7 CONCLUSION

changes in  signi cantly e ect the truncation point Na and thus the computational e ort needed for solution. Therefore we see that for   10,4, tF  2:1,
while for   10,8 , tF is about 1.9 and for   10,12, tF  1:7.
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for some models. In this paper, we compare the eciency and stability of
three implementations of AU to that of standard uniformization. The eciency
and stability is compared by instrumenting the code using a C++ class. This
class we developed tracks a bound on the round-o error incurred during the
computation, as well as its computational complexity, measured in number of
oating point operations. Operation counts can be re ned by operation types
and the algorithm phase in which they occur. The class is general, and can
instrument other numerical algorithms written in C or C++ code with minimal
e ort.
The three adaptive uniformization implementations studied di er in the method
by which they compute the jump probabilities. Of the three methods, ACE
has the highest order of complexity, but is theoretically applicable to any jump
process resulting from AU. modi ed ACE has the least complexity, but can
only be used when and if a converged rate exists. Standard uniformization is
the third method, hence the name layered uniformization for this AU variant.
LU's order of complexity falls between the two previous methods, and because
of its probabilistic nature, is numerically stable. Comparing the AU alternatives with SU via our instrumented code, we found the methods based on ACE
and modi ed ACE not very useful because of their high round-o errors. Although not investigated, it is possible that these methods could be improved,
for instance, by aggregating close-valued poles into a single pole value, avoiding some cancellation error problems. Computation of the jump probabilities
in AU via uniformization resulted in small round-o errors which were, in fact,
smaller than those for SU for many time points of interest, since the number
of operations performed was smaller.
Comparisons of computational eciency of the methods were limited to LU
and SU, due to the severe round-o errors exhibited by ACE and modi ed
ACE. With regard to these methods, we found for short mission times in extended machine-repairman models, AU was orders of magnitude better than
SU. For large time points, however, AU is less attractive than SU, due to its
higher overall complexity. The two algorithms thus exhibit a \crossover point"
where, on one side, AU is better than SU, and on the other, SU better than
AU. The time crossover point tT was found to be smaller than the operation
crossover point tF , but better optimized software should reduce this di erence.
Studies of varying size models showed that AU's performance improves signi cantly with larger state spaces, as the reduction in the number of matrix
vector multiplications becomes more important. Finally, we showed that the
computational cost of AU is more sensitive to the desired accuracy than is SU.
Thus choosing a lower accuracy with AU will reduce its run time more signi cantly than in SU. Furthermore, like SU, AU with uniformization to compute
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the jump probabilities is stable and exhibits very low round-o errors for the
models studied.
These results suggest applications that could bene t directly from adaptive
uniformization and, due to the crossover point, suggest that AU could be profitably combined with other methods. In particular, a solver that estimates
the crossover point, then selects the best method given the mission time may
be built. Furthermore, multiple methods might be combined, in some way, to
achieve more ecient solutions. Further study is necessary to determine if and
when these hybrid approaches would be advantageous.
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