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E ects of shared use on the performability of modular software can be evaluated by considering an operational environment which distinguishes the users.
Speci cally, we examine a total system consisting of
a community of n users who share a software system
with m modules, referred to simply as an nm system.
The computational demands of these users, as inherited by the modules, is represented by a continuoustime, nite-state Markov process X called the operational pro le (see [1] for details concerning its justi cation). The pro le's construction is based on the isolated pro les of individual users which, in the case of
heterogeneous use, are pairwise-distinct Markov processes. Moreover, in the presence of other users, an
individual pro le can di er from its isolated version
due to slowdowns caused by sharing. Further, due to
design faults in the modules, failures may be experienced during execution. In this regard, shared use of a
module can a ect the rate at which a user experiences
failures. Accordingly, we permit such rates to depend
on both the state of the operational pro le and the
user in question. The extent to which a failure rate is
altered by multiple use is called a stress factor, de ned
to be the ratio of that rate to the value experienced
in isolation.
The combined pro le-failure model thus accounts
for e ects of multiple use on both performance (module execution times) and dependability (failure times)
in the presence of design faults. It is therefore naturally suited to evaluations of software performability.
Further, since much of the model's complexity resides
in the operational pro le X, there are important questions as to how X might be reasonably constrained to
permit feasible solutions of its steady-state distribution, particularly for large n and m. The latter are
addressed here, where the main concepts and results
can be summarized as follows.
As noted above, X is constructed by rst considering the demands of individual users, as they would be
experienced if use of the system was not shared. More
precisely, for each user i (1  i  n) and each time
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t 2 T = [0; 1], we let W be the random variable

user i is executing module j at time t
W = j0 ifotherwise
i;t

i;t

where 1  j  m and 0 means that user i is likewise
passive at time t. (To avoid repeated references to the
\0 otherwise" exception, passive use is identi ed with
occupancy of a ctitious module named 0.) Then the
isolated pro le of user i is the stochastic process
W = fW j t 2 T g
(1)
where, with reasonable assumptions concerning singleuser execution (again see [1]), W is a (timehomogeneous) Markov process. The (joint) operational pro le is then the (Markov) process X = fX j
t 2 T g, where the variables X take values in the space
Q = f0; 1; : : :; mg
of all n-tuples over the integers from 0 to m. A state
q = (q1 ; q2; : : :q ) 2 Q is an operational state, with
q being the module (perhaps the ctitious module 0)
that's occupied by user i (1  i  n).
More precisely, the transition structure of X can be
described as follows. Let A = [a ] be the transitionrate matrix (generator) of isolated pro le W . A is
thus an (m + 1)(m + 1) matrix where, for j 6= k
a = the transition rate of W
(2)
from module j to module k.
Then, for any pair of operational states q =
(q1; q2; : : :; q ) and r = (r1; r2; : : :; r ) (q; r 2 Q), the
transition-rate matrix A = [a ] of X has the following entries.
i) If q and r di er in more than one coordinate then
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ii) If q and r di er in exactly one coordinate i (1 
i  n), let j = q and k = r . Then
(3)
a = a =s(q; i) ;
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where s(q; i) (a positive, real number quali ed
further below) is the slowdown factor (or simply
slowdown) of user i in operational state q.
iii) If q = r then
X
a =, a :
q;q
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Condition i) says that, at any given instant of time,
at most one user can undergo a change in module occupancy. In view of the continuous-time nature of the
isolated pro les, this is a reasonable assumption. Condition ii) refers to when user i causes an operationalstate transition from q to r where, in state q, i occupies
module j and, in state r, i occupies module j. In this
case, the transition rate from q to r is obtained by
dividing the j ! k transition rate of W by the slowdown factor s(q; i). Accordingly, if s(q; i) > 1 then the
transition rate is indeed slower. On the other hand,
if 0 < s(q; i) < 1 then this factor re ects a \speedup"
relative to the corresponding rate for user i's isolated
pro le. Since s(q; i) = 1 signi es an absence of slowdown (or speedup), a slowdown factor is proper if it
has a value other than 1.
By projecting X onto individual coordinates of the
state space, X determines n processes
X = fX j t 2 T g ; 1  i  n
where X is the ith coordinate of X . X is referred to
as the individual pro le of user i since, due to possible
slowdowns caused by module sharing, X will generally di er from its corresponding isolated pro le W .
Indeed, assuming all operational states are reachable,
it follows that X = W if and only if, for any state q,
s(q; i) = 1.
As discussed in [1], the transition rates de ned by
(3) permit more generality than warranted by the intended interpretation. Accordingly, the s(q; i) can be
naturally restricted as follows.
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a) Since there is no contention in the ctitious module (module 0), for each user i and for all q 2 Q,
if q = 0 then s(q; i) = 1 :
(4)
i

b) For each actual module j > 0, if q = j then,
presuming that slowdown of i is due only to those
users who occupy module j in operational state
q,
the value of s(q; i) depends only (5)
on the set U(q; i) = f` j q = q g.
Moreover, in the special case where i is the lone
occupant of module q = j, it is reasonable to
assume that there is no slowdown of i in state q,
i.e.,
if U(q; i) = fig then s(q; i) = 1:
(6)
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Concerning possible values of s(q; i) when slowdown
is proper (s(q; i) 6= 1), without further constraints, the
only other requirement (per its de nition; see (3)) is
that s(q; i) be some positive, real number. However,
there are additional possible conditions which likewise
arise quite naturally and serve, among other things,
to reduce the number of di erent factor-values that
need to be considered. For example, in many applications it may be the case that the value of a proper
slowdown factor s(q; i) depends only on the number of
users that occupy module q , i.e., the size of U(q; i),
without regard to the identities of the sharing users.
Presuming further that all users of q in state q are
similarly a ected, i.e., q = q implies s(q; k) = s(q; i),
then the number of distinct proper slowdown-factor
values associated with module q is at most n , 1. Accordingly, the number of such values for an nm prole is no greater than (n , 1)m. When compared to
an unconstrained pro le (see (8) below), this number
is relatively small.
A special case of the above, and perhaps the most
natural situation regarding slowdown, is where s(q; i)
is equal to the number of users occupying module q ,
i.e, for each user i and each operational state q such
that q 6= 0,
s(q; i) = jU(q; i)j :
(7)
Here, the set of proper slowdown-factor values is the
same for each module, namely f2; : : :; ng (assuming
n  2); hence, the number of distinct proper values is
reduced to n , 1. In particular, this type of slowdown
occurs in round-robin scheduling when the duration
of the time slice becomes very small (referred to as
\processor sharing" in queueing theory literature).
Turning now to the focus of this investigation, we
examine the solution of the steady-state probability
distribution of X with respect to consideration of the
slowdown factors s(q; i). As mentioned above, the
slowdown factors of a general nm operational prole X are relatively unconstrained, the only restrictions being those imposed by their intended interpretation (see conditions (4)-(6)). With this amount of
freedom, the maximum number of di erent slowdownfactor values (other than the value 1 due to conditions
(4) and (6)) can be as large as
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nm(2 ,1 , 1) :
(8)
This is a consequence of the fact that, for user i occupying an actual module j ( xing i; j and letting the
operational state vary over all q 2 Q such that q = j),
there are 2 ,1 possibilities for the set of users, other
than i, who occupy module j. In other words, in terms
of the notation of condition (5), this is the number of
user-sets of the form U(q; i) , fig. Hence, by (5) and
after eliminating the empty set, since it corresponds to
condition (6) where s(q; i) = 1, the number of proper
(i.e., 6= 1) slowdown-factor values can be as large as
2 ,1 , 1. Moreover, since this argument applies to any
choice of an i; j pair (with 1  i  n and 1  j  m),
where di erent pairs may have disjoint value sets, the
maximum number of values is that given by (8).
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Aside from practical problems of dealing with this
many parameter values, e.g., determining realistic estimates of each via experimentation with actual systems, there are also important concerns relating to
model solution. Although what we ultimately seek
to evaluate are designated measures of performability (and dependability, as in [1]), since these are formulated in terms of a combined pro le-failure model,
the latter must be admit to feasible solution methods.
In particular, since the operational pro le lies at the
bottom of the total-system model, the solution of its
module-occupancy distribution is a foremost consideration.
To this end we nd that, with relatively mild restrictions, operational pro les can bene t from the
known solution advantages of Markov processes which
are \reversible" or, equivalently, satisfy a set of \detailed balance" equations (see [2, 3], for example). As
de ned, such processes are irreducible and recurrent.
However, in the context of operational pro les, it is
plausible to admit users who are transient in the sense
that their isolated pro les have a transient state, e.g.,
once use becomes active, it is never again passive. Although this implies the existence of transient states
for the (combined) pro le X, if the recurrent states
of X comprise a closed, irreducible subset of Q, we
nd that detailed balance likewise serves to characterize reversibility. In particular, this permits a system's
performability, as experienced by some user i, to be
examined at the extremes where use (in steady-state)
by others is either always-active or always-passive.
Applying Kolmogorov's criteria (again see [2, 3]),
necessary and sucient conditions for a reversible n1
pro le are then established in terms of the slowdown
factors. These conditions are relatively weak (as compared to processor sharing, for example), since they
result in only a linear reduction of the maximum
number of distinct value choices (8) (for large n, the
fraction is approximately 2=n). Moreover, by couching general nm pro les in the setting of multiplechain, closed queueing networks, it can be shown that
such reversible individual-module pro les guarantee a
product-form solution for the entire pro le.
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